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UNIVERSAL LIMITER FOR TRANSIENT INTERPOLATION MODELING OF THE 

ADVECTIVE TRANSPORT EQUATIONS: THE ULTIMATE 

CONSERVATIVE DIFFERENCE SCHEME 

B .  P. Leonard* 
I n s t i t u t e  f o r  Computat ional  Mechanics i n  P r o p u l s i o n  

Lewis Research Center  
C leve land,  Oh io  44135 

SUMMARY 

A f r e s h  approach i s  taken to  t h e  embar rass ing ly  d i f f i c u l t  problem of 
adequate ly  mode l ing  s imp le  pure  advec t i on .  
volume f o r m u l a t i o n  makes use of a u n i v e r s a l  l i m i t e r  for  t r a n s i e n t  i n t e r p o l a t i o n  

mode l ing  o f  t h e  a d v e c t i v e  t r a n s p o r t  equa t ions .  Th is  ULTIMATE c o n s e r v a t i v e  d i f -  

f e r e n c e  scheme i s  a p p l i e d  t o  unsteady, one-dimensional s c a l a r  pure  a d v e c t i o n  

a t  c o n s t a n t  v e l o c i t y ,  u s i n g  t h r e e  c r i t i c a l  t e s t  p r o f i l e s :  an i s o l a t e d  s ine -  

squared wave, a d i scon t inuous  s tep ,  and a semi -e l l i pse .  The goa l ,  o f  course,  

i s  t o  dev i se  a s i n g l e  r o b u s t  scheme which achieves sharp monotonic r e s o l u t i o n  

of t h e  s t e p  w i t h o u t  c o r r u p t i n g  t h e  o t h e r  p r o f i l e s .  The s e m i - e l l i p s e  i s  p a r t i c -  

u l a r l y  c h a l l e n g i n g  because o f  i t s  combina t ion  o f  sudden and gradua l  changes i n  

g r a d i e n t .  

schemes o f  any o r d e r  o f  accuracy.  

showing s teepen ing  and c l i p p i n g  t y p i c a l  o f  c u r r e n t l y  popu la r  s o - c a l l e d  " h i g h  

r e s o l u t i o n "  shock-captur ing  or TVD schemes. The ULTIMATE t h i r d - o r d e r  upwind 
scheme i s  h i g h l y  s a t i s f a c t o r y  for m o s t  f lows o f  p r a c t i c a l  impor tance.  H igher  

o r d e r  methods g i v e  p r e d i c t a b l y  b e t t e r  s tep  r e s o l u t i o n ,  a1 though even-order 
schemes genera te  a (monotonic)  waviness i n  t h e  d i f f i c u l t  s e m i - e l l i p s e  sirnula- 

t i o n .  But  l i t t l e  i s  t o  be ga ined above ULTIMATE f i f t h - o r d e r  upwind ing  which 

g i v e s  r e s u l t s  c l o s e  t o  t h e  u l t i m a t e  one m igh t  hope for .  

An e x p l i c i t  c o n s e r v a t i v e  c o n t r o l -  

The ULTIMATE s t r a t e g y  can be a p p l i e d  t o  e x p l i c i t  c o n s e r v a t i v e  

Second-order schemes a r e  u n s a t i s f a c t o r y ,  

INTRODUCTION 

I n  a landmark s e r i e s  o f  papers i n  t h e  1970's ,  Brain van Leer worked 

"Towards t h e  U l t i m a t e  Conserva t i ve  D i f f e r e n c e  Scheme" f o r  computa t iona l  f l u i d  

dynamics ( r e f s .  1 t o  5). T h i s  work spawned a body o f  l i t e r a t u r e  i n  t h e  p r e s e n t  

*Work funded under Space A c t  Agreement C99066G; p r e s e n t l y  a t  Dept .  of 
Mechanical Eng ineer ing ,  The U n i v e r s i t y  o f  Akron, Akron, Oh io  44325. 



decade involving advective modeling methods which are sometimes classified as 
"shock-capturing" schemes or , more recently, as "TVD" schemes, referring to the 
oscillation-suppression strategy of total-variation diminution (ref. 6). The 
ultimate conservative difference scheme for CFD has proven surprisingly elu- 
sive. There have been notable "successes" such as impressive demonstrations 
of nonoscillatory high resolution of steps and shock waves, for example; but 
progress has been unexpectedly slow. It seems that correction of one defect 
always introduces another, equally severe. Unphysical oscillations inherent 
in classical second-order methods were eliminated by switching to first-order 
upwinding; but this merely replaced unacceptable oscillations with (what was 
ultimately realized to be) unacceptable global artificial diffusion. By devis- 
ing methods with locally varying artificial diffusion (small in smooth regions, 
larger in sharply varying regions), it is possible to achieve somewhat better 
resolution than global first-order upwinding without introducing spurious 
numerical oscillations. 

Some forms of shock-capturing (or TVD) schemes achieve their impressive 
results for step resolution by the use of locally varying positive artificial 
diffusion or viscosity (first-order upwinding) to suppress oscillations, com- 
bined with local negative viscosity (such as first-order downwinding) to arti- 
ficially compress or steepen the front. Unfortunately, this inherent negative 
diffusion is responsible for artificial steepening of (what should be) gentle 
gradients, as well, as will be demonstrated. Because of the concomitant flat- 
tening of local extrema (due to the local positive artificial diffusion), this 
defect has become known as "clipping," although the problem is initiated by 
the artificial steepening introduced to give high resolution to simulated 
fronts. In some cases (for example, a step-function followed by a ramp), 
inherent oscillations, rather than being suppressed, are converted into a 
series of small monotonic steps, a phenomenon known as "stair-casing." 

A s  will be clearly demonstrated here, currently popular forms of TVD 
schemes achieve monotonic (although not always sharp) resolution of steps at 
the expense of gross (albeit nonoscillatory) distortion of simple smooth pro- 
files. Thus, A . R .  Mitchell's characterization of advective modeling as compu- 
tational dynamics' ultimate embarrassment (ref. 7) is still appropriate, given 
the current state of the art. The ultimate goal of the current research pro- 
gram is to inject some self-confidence (as opposed to self-satisfaction) into 
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computa t iona l  f l u i d  dynamics by deve lop ing  a t r u l y  r o b u s t  ( i . e . ,  u n i v e r s a l l y  

a p p l i c a b l e )  framework on which f u r t h e r  r e f i n e m e n t s  can be cons t ruc ted .  

The p resen t  paper i s  t h e  f irst i n  a proposed s e r i e s  p r e s e n t i n g  a f r e s h  
approach t o  s i m u l a t i n g  t h e  a d v e c t i v e  t e r m ,  which, b e i n g  an odd-order ( f i r s t - )  

d e r i v a t i v e ,  i s  t he  most s i g n i f i c a n t  aspec t  o f  CFD ( r e f .  8). An ex t reme ly  s i m -  
p l e  form o f  "monoton iz ing"  u n i v e r s a l  l i m i t e r  i s  desc r ibed  which can be a p p l i e d  

to  e x p l i c i t  c o n s e r v a t i v e  d i f f e r e n c e  schemes, w i t h  no c o n s t r a i n t s  on t h e  o r d e r  

o f  accuracy  and r e s o l u t i o n .  The u n i v e r s a l  l i m i t e r  banishes unphys ica l  over -  

shoots  and nonmonotonic o s c i l l a t i o n s  w i t h o u t  c o r r u p t i n g  t h e  expected accuracy 
o f  t h e  u n d e r l y i n g  method. I n  p a r t i c u l a r ,  when used w i t h  ( a r t i f i c i a l - v i s c o s i t y -  

f r e e )  t h i r d  or h i g h e r  o r d e r  base schemes, i t  does n o t  induce a r t i f i c i a l  com- 

p r e s s i o n  ( s teepen ing )  or c l i p p i n g ,  t y p i c a l  o f  so -ca l l ed  " h i g h  r e s o l u t i o n "  

( a c t u a l l y ,  second-order) shock-captur ing  methods. 

Conserva t i ve  e x p l i c i t  a d v e c t i o n  schemes o f  a r b i t r a r i l y  h i g h  o r d e r  can be 

composed from " t r a n s i e n t  i n t e r p o l a t i o n  mode l ing"  ( T I M ) ;  i . e . ,  f o r  pure  advec- 

t i o n  o f  a 

t i o n  o v e r  

where t h e  

i s  determ 

s c a l a r  
t i m e  A t  

accuracy 

ned sole 

a t  cons tan t  v e c t o r  v e l o c i t y  v, t h e  exac t  t r a n s i e n t  so lu -  

i s  

Q ( X , A t )  = Q ( X - V A t , O )  ( 1  1 

( i n  b o t h  space and t ime)  o f  t h e  approx imate numer ica l  method 

y by ( m u l t i d i m e n s i o n a l )  s p a t i a l  i n t e r p o l a t i o n  a t  t h e  e a r l i e r  

t i m e - l e v e l .  The ULTIMATE c o n s e r v a t i v e  d i f f e r e n c e  scheme then c o n s i s t s  o f  u s i n g  
t h e  u n i v e r s a l  l i m i t e r  (UL) for t r a n s i e n t  i n t e r p o l a t i o n  model ing ( T I M )  o f  t h e  

a d v e c t i v e  t r a n s p o r t  equa t ions  ( A T E ) .  

S ince  accu ra te  mode l ing  o f  t h e  a d v e c t i v e  t e r m  i s  one o f  t h e  more cha l l eng -  

i n g  aspec ts  o f  CFD ( i n  a d d i t i o n  t o  n o n l i n e a r i t i e s ,  m u l t i d i m e n s i o n a l i t y ,  e t c . ) ,  

a t t e n t i o n  w i l l  be focused,  i n  t h i s  f i r s t  a r t i c l e ,  on t h e  s u p e r f i c i a l l y  s imp le  

b u t  embar rass ing l y  d i f f i c u l t  problem o f  unsteady one-dimensional pure  a d v e c t i o n  
o f  s c a l a r  p r o f i l e s  a t  cons tan t  v e l o c i t y .  Three c r i t i c a l  t e s t  p r o f i l e s  a r e  con- 

s i d e r e d :  an i s o l a t e d  s ine-squared wave, r e p r e s e n t i n g  smooth f u n c t i o n s  w i t h  a 

c o n t i n u o u s l y  t u r n i n g  g r a d i e n t ;  a s tep  d i s c o n t i n u i t y  i n  va lue ;  and a semi- 

e l l i p s e ,  combin ing d i s c o n t i n u o u s  and con t inuous  changes i n  g r a d i e n t .  A t  

f irst, seve ra l  ( u n l i m i t e d )  e x p l i c i t  schemes a r e  surveyed, t o g e t h e r  w i t h  some 

popu la r  shock-captur ing  methods which a r e  exp la ined  i n  terms o f  t h e  Normal ized  
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V a r i a b l e  Diagram (NVD). The NVD i s  a l s o  used as t h e  b a s i s  for  development o f  
t h e  u n i v e r s a l  l i m i t e r ,  which i s  t hen  e x p l a i n e d  i n  terms o f  unnormal ized  v a r i -  

ab les  and a p p l i e d  to  e x p l i c i t  po l ynomia l  T I M  methods o f  second th rough  e i g h t h  

o r d e r .  For m o s t  ( r e l a t i v e l y  smooth) flows, t h e  c o s t - e f f e c t i v e  t h i r d - o r d e r  

upwind ULTIMATE scheme g i v e s  e x c e l l e n t  p r a c t i c a l  r e s u l t s .  Local  h i g h e r  o r d e r  

u t i o n  can be a u t o m a t i c a l l y  b u i l t  i n  w i t h  a lmost  n e g l i g i b l e  a d d i t i o n a l  reso 
c o s t  

Unsteady 

v e l o c i t y  u 

SCALAR ADVECTION 

one-d imensional ,  pu re  a d v e c t i o n  o f  a s c a l a r  0 a t  c o n s t a n t  

s desc r ibed  by 

Th is  equa t ion  can be i n t e g r a t e d  i n  t i m e  ove r  a t ime-s tep  A t  and 
a control  volume (CV)  a t  s t a t i o n  i from -Ax/2 t o  +Ax/2, assum 

g r i d .  Th is  g i v e s  the  exac t  c o n s e r v a t i v e  d i f f e r e n c e  scheme 

n space o v e r  
ng a u n i f o r m  

where the  bars  r e p r e s e n t  s p a t i a l  averages, and t h e  a s t e r i s k s  t i m e  averages, t h e  
s u p e r s c r i p t s  des igna te  t i m e - l e v e l s ,  c i s  t h e  Courant  number uA t lAx ,  and r i g h t  
and l e f t  t ime-averaged f a c e  va lues  a re  i n d i c a t e d .  The CV s p a t i a l  averages can 

be w r i t t e n  i n  t e r m s  o f  c e n t r a l  node va lues  p l u s  a d e v i a t i o n  t e r m  

Ti = oi + DEV (4) 

Now assume t h a t  node va lues  a re  r e l a t e d  by an e x a c t  e q u a t i o n  o f  t h e  form 

n 
0;+l - 0i = -C(Or - 0,) (5) 

where the  face  va lues now i n c l u d e  t h e  e f f e c t s  o f  the  d e v i a t i o n  t e r m s .  The 
d e v i a t i o n  t e r m s  themselves w i l l  t hen  s a t i s f y  

DEV"' - D E V ~  = -C(DEV, - D E V ~ )  ( 6 )  

g i ven  s u i t a b l e  d e f i n i t i o n s  of t h e  terms on t h e  r i g h t .  Thus, from equa t ions  (31, 
(4), and (61 ,  
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which can be p u t  i n  t h e  form of equa t ion  (5) p r o v i d e d  t h e  e f f e c t i v e  average 

face  va lue  a t  any f a c e  f i s  d e f i n e d  as 

I n  t h i s  i n t e r p r e t a t i o n ,  equa t ion  (5) r e w r i t t e n  as 

can s t i l l  be cons ide red  e x a c t  f o r  c o n s t a n t  c, g i v e n  a p p r o p r i a t e  d e f i n i t i o n s  

o f  t h e  e f f e c t i v e  f a c e  va lues .  I n  p r a c t i c a l  s i m u l a t i o n s ,  t h e  f a c e  va lues  a re  

approx imated and t h e  form o f  t h e  equa t ion  i s  extended t o  v a r i a b l e  a d v e c t i n g  

v e l o c i t y  ( i n c l u d i n g  s i g n - r e v e r s a l s ) ,  i . e . ,  

T r a n s i e n t  I n t e r p o l a t i o n  Mode l ing  

One method o f  g e n e r a t i n g  a d v e c t i v e  a l g o r i t h m s  i n  the  form o f  equa t ion  ( 9 )  

i s  based on equa t ion  ( 1 ) .  which i n  one d imension can be w r i t t e n ,  f o r  c o n s t a n t  

u, 

where $‘((XI 

d i n a t e ,  5 = ( x  - x i ) / A x ,  and g i v e n  by 
can be c o n s i d e r e d  t o  be a f u n c t i o n  o f  t h e  no rma l i zed  l o c a l  coor-  

The homogeneous s p a t i a l  i n t e r p o l a t i o n  f u n c t i o n  f can i n  t u r n  be w r i t t e n  as 

f(<> = <g(<> (13)  

where g m igh t  be a po lynomia l  w i t h  c o e f f i c i e n t s  depending on d i f f e r e n c e s  (o f  
v a r i o u s  o r d e r s )  o f  l o c a l  node v a r i a b l e s .  For a c o n s e r v a t i v e  scheme, these 

c o e f f i c i e n t s  can always be w r i t t e n  as f o l l o w s  

5 



or 

where h j - 1 / 2  can be o b t a i n e d  from hi+,,2 by  t h e  i n d i c a t e d  r e d u c t i o n  i n  
index  by  1 on a l l  i n v o l v e d  node v a r i a b l e s .  Then, by d e f i n i n g  

and 
(16)  

(17)  

~ 

Equat ions ( 1 1 )  to  (17) can be combined i n t o  a form i d e n t i c a l  t o  e q u a t i o n  (9) 

Note t h a t  t h e  e f f e c t i v e  f a c e  va lues  a r e  i n  genera l  f u n c t i o n s  o f  Courant  number 

and t h a t  conse rva t i on  i s  guaranteed by  equa t ions  (16) and (17 ) .  (Ex tens ion  t o  
v a r i a b l e  v e l o c i t y  p a r a l l e l s  eq. ( l o ) ,  w i t h  f a c e  va lues  be ing  f u n c t i o n s  o f  t h e i r  
r e s p e c t i v e  l o c a l  Courant  numbers.) 

For example, for f i r s t - o r d e r  upwinding,  t r a n s i e n t  i n t e r p o l a t i o n  mode l ing  

i s  based on a l i n e a r  f u n c t i o n  

Thus, f o r  p o s i t i v e  or n e g a t i v e  c,  or can be w r i t t e n  i n  terms o f  q u a n t i t i e s  
cen te red  a t  t h e  r i g h t  CV f a c e  

, 

and, o f  course,  +a 

whereas t h e  second te rm i n v o l v e s  the  d i f f e r e n c e  o f  these va lues .  

i s  o b t a i n e d  by reduc ing  a l l  indexes by 1 .  Note t h a t  t h e  

I f i r s t  t e rm i n  b r a c k e t s  i s  t h e  sum o f  node va lues  s t r a d d l i n g  the  CV f a c e ,  

S i m i l a r l y ,  t he  well-known Lax-Wendroff scheme (second-order c e n t r a l  T I M )  

corresponds to  centered  q u a d r a t i c  s p a t i a l  i n t e r p o l a t i o n  

I 6 



and the  cor respond ing  r i g h t  f a c e  va lue  i s  

v a l i d  f o r  b o t h  p o s i t i v e  and n e g a t i v e  c va lues .  Comparing equa t ions  (21)  

and (231, i t  i s  seen t h a t  these two schemes d i f f e r  by  t h e  Courant-number- 

dependence o f  the  c o e f f i c i e n t  o f  the  f i r s t - d i f f e r e n c e  term.  

p o i n t - t o - p o i n t  t r a n s f e r  when c E 1: +r = $i, 0a = Oi-l, $7” = 

s i m i l a r l y  when c E -1 .  

Bo th  g i v e  e x a c t  
n n n and 

The QUICKEST scheme ( t h i r d - o r d e r  upwind ing  T I M ) ,  i s  based on upwind 

b iassed cub ic  i n t e r p o l a t i o n  ( r e f .  9)  

2 where 2 g r  i s  t h e  ( r i g h t - f a c e - c e n t e r e d )  sum o f  second-d i f fe rences  cen te red  

a t  i and i+l 

and 6,” i s  t he  d i f f e r e n c e  o f  t h e  above second-d i f fe rences ,  i . e . ,  t h e  t h i r d -  

d i f f e r e n c e  (cen te red  a t  t h e  r i g h t  f a c e )  

(26) 

/ 2  i s  t h e  upwind b iassed  second-d i f fe rence,  p ropor -  

3 n  n n n 
‘r = 0 i + 2  - 30i+l + 341 - 01-1 

Note t h a t  ( 2 9 :  - 
t i o n a l  to  t h e  upwind c u r v a t u r e .  Conversely ,  for  f o u r t h - o r d e r  c e n t r a l  T I M  
( cen te red  q u a r t i c  i n t e r p o l a t i o n ) ,  l e s s  we igh t  i s  p laced  on 3 

6, 

2 3!  (27) 

7 



Second-order upwinding, based on upwind shifted quadratic interpolation, 
has a similar form to QUICKEST, but with a different coefficient of the 

I upwinded curvature term: 

and Fromm's method (ref. 10) is simply the average of equations (23) and (28), 
thereby cutting the curvature coefficient in half. 

Fifth-order upwinding and sixth-order central follow a similar pattern 

and 

(6) 
9r = 9, + 2 5 !  

I respectively, where 2 9 ;  i s  the sum of fourth-differences 

(30) 

and 6: is the face-centered fifth-difference 

(32) 5 n  n n n n n 
6 r = 9 i+3 - 5+i+2 + 10i+l - + 59i-1 - 9i-2 

Finally, seventh-order upwinding and eighth-order central are summarized 
by 

2 2 2 
) (2Q6 - SGN(c)  6:)  (7) (6) (1 - c )(4 - c > ( 9  - 

9, = 9r - 2 * 7 !  r (33) 

and 

(34) (8) (6) (1 - cL>(4 - cL)(9 - cL> 
9r = 9r - 2 7! 

respecti vel y, where 

1 and 

a 



Note that for Nth-order central methods, the coefficient of 6Y-l 
tional to c/(N/2>, as compared with SGN(c) for the related (N-1)th-order 
upwind scheme. 

is propor- 

Central o r  upwinded polynomial TIM methods of the above forms can, of 
course, be continued up to arbitrarily high order via straight-forward recur- 
sion formulas, based on Binomial coefficients or Pascal's triangle. For the 
methods considered i n  this study, figure 1 shows the one-dimensional control- 
volume stencils involved as the order is increased. The stencils are shown 
for variable, possibly reversing, velocities, corresponding to equation (lo), 
even though the test problems used in this study involve only constant veloc- 
ity, positive t o  the right. For this reason, first-order upwinding, for 
example, involves the same three-point stenci 1 as second-order central, corre- 
sponding to equations (21) and (23), respectively. QUICKEST, second-order 
upwinding, Fromm's method, and fourth-order central each involve a five-point 
stencil, when velocity reversals are allowed for. 
involved for each face, as seen from equations (25) and (26). This is the 
same stencil used by all (second-order) shock-capturing TVD schemes. Clearly, 
as the order of accuracy is increased, a wider stencil is necessitated; an Nth- 
order central scheme and its related (N-11th-order upwind scheme require an 
(N+l>-point stencil in one dimension. 

Four grid points are 

Test Problems 

The following three test problems are selected on the bas is  o f  simplicity 
and ease of reproducibility, and are intended to represent basic characteris- 
tics of behavior that might be encountered in practice. A given numerical 
scheme is considered successful i f  it is able to simulate all three test 
problems to within some desired level of performance; if a scheme fails one or 
more of the tests, it is deemed unsatisfactory no matter how accurately it 
simulates any one of the other tests. 
two basic criteria: ( 1 )  total absolute error (ABSERROR) 

Performance is judged on the basis of 

N 

g=C 
i = l  

(37) 
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where E i s  t h e  l o c a l  error a t  each node 

+computed - +exact  ( 3 8 )  

and (2) t h e  NAVINESS or t o t a l  v a r i a t i o n  o f  e r r o r  

N 

i=l 

(39) 

I n  a d d i t i o n ,  i t  i s  u s u a l l y  d e s i r a b l e  t o  mon i to r  m o n o t o n i c i t y ;  i . e . ,  does an 
i n i t i a l l y  monotonic p r o f i l e  remain so? I n  f a c t ,  s t r i c t  m o n o t o n i c i t y  

maintenance i s  a b a s i c  ( i n  f a c t  t h e  o n l y )  c o n s t r a i n t  de te rm in ing  t h e  n a t u r e  o f  

t h e  u n i v e r s a l  l i m i t e r  to  be developed here.  

The f i r s t  t e s t  p r o f i l e  follows t h a t  used by Sweby ( r e f .  1 1 ) .  an i s o l a t e d  

sine-squared wave o f  w i d t h  20Ax 

for 0 5 x 5 20AX +<t=o> = s i n  2 (m) n x  

(40) 
= 0 o t h e r w i s e  

T h i s  f u n c t i o n  r e p r e s e n t s  a r e l a t i v e l y  smooth p r o f i l e  w i t h  a c o n t i n u o u s l y  
t u r n i n g  g r a d i e n t  and a s i n g l e  l o c a l  maximum. I n  o r d e r  t o  s imu la te  p r a c t i c a l  

s i t u a t i o n s ,  i t  i s  i m p o r t a n t  t o  r u n  t h e  t e s t  problems o v e r  t h e  same p r e s c r i b e d  

d i s t a n c e  i n  a l l  cases, i r r e s p e c t i v e  o f  t ime-s tep  (Courant  number) or i n i t i a l  

p r o f i l e  shape. I n  t h e  t e s t s  desc r ibed  here ,  f o r  example, t h e  exac t  s o l u t i o n s  
advance by 45 mesh-widths. Two Courant  numbers a re  used: c = 0.05 (900 t i m e  

s teps ) ,  r e p r e s e n t i n g  " s m a l l "  A t :  and a "moderate" va lue  o f  c = 0.5 (90 t i m e  

s teps ) .  The 25- t ime-step s i m u l a t i o n  used by Sweby was n o t  l o n g  enough t o  see 

s i g n i f i c a n t  d i f f e rences  between t h e  methods s tud ied ,  or t o  a l l o w  t h e i r  gross 

d e f i c i e n c i e s  to  deve lop  (wh ich  a r e  t y p i c a l l y  worse a t  smal l  Courant  numbers, 

for a f i x e d  d i s t a n c e ) .  

The second t e s t  p r o f i l e  i s  a u n i t  s t e p  change i n  + over  one mesh w i d t h .  

I n i t i a l l y ,  4 = 0 everywhere t o  t h e  r i g h t  o f  a s p e c i f i e d  jump p o i n t ;  a l l  o t h e r  

p o i n t s ,  i n c l u d i n g  t h e  upstream boundary, a re  s e t  a t  1.0. The u n i t  s tep  p r o f i l e  

10 



i s  more fundamental t han  t h e  i s o l a t e d  "square-wave," or box, used i n  some pre-  

v ious  s t u d i e s  (e.g. ,  Sweby used an i s o l a t e d  r e c t a n g u l a r  box o f  w i d t h  20Ax i n  

a d d i t i o n  t o  t h e  i s o l a t e d  s ine-squared f u n c t i o n  o f  t h e  same w i d t h ) .  The box 
p r o f i l e ,  a t  bes t ,  mere l y  g i v e s  t w i c e  as much i n f o r m a t i o n  as t h e  u n i t  s tep ;  b u t  

f o r  h i g h l y  o s c i l l a t o r y  methods, o s c i l l a t i o n s  e x c i t e d  by  t h e  step-up i n t e r f e r e  

w i t h  those due to  t h e  step-down, and t h e  r e s u l t i n g  complex wave-pat tern i s  n o t  

as e n l i g h t e n i n g  as t h a t  o f  t h e  s imp le  s t e p  s i m u l a t i o n .  

b a s i c  t e s t  o f  m o n o t o n i c i t y ,  a fundamental aspec t  o f  a d v e c t i v e  model ing.  A 
"good" s tep  s i m u l a t i o n  i s  one which m o n o t o n i c a l l y  r e s o l v e s  t h e  s t e p  i n  a 

" s m a l l "  number o f  mesh w i d t h s  - t h e  s m a l l e r  t h e  (monotonic) "numer ica l  w id th , "  
t h e  b e t t e r  t h e  method ( fo r  t h i s  t e s t ! ) .  

The u n i t  s t e p  I s  a l s o  a 

The t h i r d  t e s t  p r o f i l e  f o l l o w s  one used by Steven Zalesak ( r e f .  12) t h a t  
he a t t r i b u t e s  t o  B . E .  McDonald. I t  c o n s i s t s  o f  a s e m i - e l l i p s e  o f  w i d t h  

2 iwAx,  i n i t i a l l y  cen te red  a t  it, 

= 0 o t h e r w i s e  (41 ) 

T h i s  i s  a r i g o r o u s  t e s t  i n  t h a t  an i n i t i a l  ( l e a d i n g )  s t e p  change i n  g r a d i e n t  i s  

f o l l o w e d  by a r e g i o n  o f  c o n t i n u o u s l y  changing g r a d i e n t  and f i n a l l y  by a t r a i l -  

i n g  s tep .  Methods which a r e  o s c i l l a t i o n - f r e e  i n  t h e  s imp le  s t e p  s i m u l a t i o n  may 

genera te  s i g n i f i c a n t  waviness j u s t  beh ind  t h e  l e a d i n g  s tep  or j u s t  ahead o f  t h e  

t r a i l i n g  s tep .  
i n  b e i n g  20Ax wide to  conform to  Sweby's sine-squared p r o f i l e ,  r a t h e r  than  

30Ax; t h i s  does n o t  have any s i g n i f i c a n t  q u a l i t a t i v e  e f f e c t  on r e s u l t s .  

The t e s t  used here  d i f f e r s  s l i g h t l y  from t h a t  used by Zalesak 

F i g u r e  2 shows t h e  t h r e e  i n i t i a l  p r o f i l e s  and t h e  g r i d  used for  a l l  t e s t s .  

For r e f e r e n c e ,  t h e  leading-edge o f  each p r o f i l e  i s  p o s i t i o n e d  a t  t h e  same loca -  

t i o n ;  t h e  i n i t i a l  va lue  i s  0 for  i 2 23 i n  each case, and nonzero for  s m a l l e r  
va lues .  G r i d - p o i n t s  1 and 2 a r e  used f o r  boundary-cond i t ion  t rea tmen t .  Numer- 

i c a l  boundary c o n d i t i o n s  a r e  v e r y  s imp le :  +Q 3 1 for  t h e  s t e p  p r o f i l e  and 

+Q f 0 for  t h e  o t h e r  two t e s t s .  

t h e  d e s i g n a t i o n  o f  pseudonode va lues  conforming t o  t h e  above p a t t e r n .  

cases, computa t ion  beg ins  w i t h  g r i d - p o i n t  1 .  To no rma l i ze  t h e  x-domain to  
o r d e r  u n i t y ,  A x  i s  taken as 1/100; b u t  t h i s  i s  i r r e l e v a n t  to  t h e  computa t ion ,  

H igher  o r d e r  methods (above f o u r t h )  r e q u i r e  

I n  a l l  

1 1  



s ince  the  o n l y  parameter i s  t h e  Courant  number c. A s  mentioned, a l l  t e s t s  a r e  

r u n  so t h a t  t h e  exac t  s o l u t i o n  would t r a n s l a t e  a f i x e d  d i s tance ,  taken t o  be 

45Ax. Thus, t h e  t o t a l  number of update s teps ,  Nt ,  i s  r e l a t e d  t o  t h e  Courant  

number by 

45 c = -  
Nt 

(42 )  

Resu l t s  f o r  Polynomia l  T I M  Methods 

F igu res  3 t o  12 show t h e  r e s u l t s  o f  s i m u l a t i n g  pu re  advec t i on  o f  the  t h r e e  

t e s t  p r o f i l e s  f o r  f i r s t - o r d e r  upwinding,  t h e  Lax-Wendroff scheme, second-order 

upwinding, Fromm's method, QUICKEST, f o u r t h - o r d e r  c e n t r a l ,  f i f t h - o r d e r  upwind- 

i ng ,  s i x t h - o r d e r  c e n t r a l ,  seventh-order  upwinding,  and e igh th -o rde r  c e n t r a l ,  

r e s p e c t i v e l y .  
( c  = 0.05, Nt = 900) and a moderate Courant  number ( c  = 0.5, Nt = 90). F i r s t -  
o r d e r  upwinding i s  t he  o n l y  po lynomia l  method which g i v e s  monotonic s tep  reso- 
l u t i o n ;  b u t  t h e  w i d t h  of the  r e s o l u t i o n  i s  poor  and t h e  o t h e r  p r o f i l e s  show t h e  

well-known e f f e c t s  o f  t h i s  method 's  i n h e r e n t l y  l a r g e  g l o b a l  a r t i f i c i a l  numeri- 
c a l  d i f f u s i o n ,  which i s  worse a t  s m a l l e r  Courant  numbers, as seen i n  f i g u r e  3. 
The Lax-Wendroff method ( f i g .  4) generates t r a i l i n g  o s c i l l a t i o n s  (phase- lag 

d i s p e r s i o n )  t y p i c a l  of c e n t r a l - d i f f e r e n c e  methods; i n  these cases, phase l a g  i s  

worse a t  s m a l l e r  Courant  numbers (compare f i g s .  4, 8, 10, and 12) .  Second- 

o r d e r  upwind ing  g i ves  r i s e  t o  l e a d i n g  o s c i l l a t i o n s ,  as seen i n  f i g u r e  5. I t  
was t h i s  o b s e r v a t i o n  t h a t  l e d  to  t h e  i d e a  o f  ave rag ing  t h e  Lax-Wendroff method 

w i t h  second-order upwinding i n  an e f f o r t  t o  cancel  phase-lead and phase- lag,  

a t  l e a s t  i n  some "average" sense ( r e f .  10). Fromm's zero-average-phase-error 

method indeed shows marked improvement ( f i g .  61, w i t h  much l e s s  s e n s i t i v i t y  to  

Courant  number, as seen. Fromm's method a c t u a l l y  cance ls  t h e  l e a d i n g  d i s p e r -  

s i o n  t e r m  i n  t h e  t r u n c a t i o n  error o n l y  a t  c = 0.5; i n  t h i s  case i t  i s  i d e n t i c a l  

t o  t h i r d - o r d e r  upwinding (QUICKEST),  as seen i n  t h e  second h a l f  o f  f i g u r e  7. 
QUICKEST g i v e s  markedly  b e t t e r  performance a t  o t h e r  Courant  numbers, b u t  t h e  
two methods a re  q u a l i t a t i v e l y  v e r y  s i m i l a r .  

squared) f u n c t i o n  i s  p a r t i c u l a r l y  w e l l  modeled. Four th -order  c e n t r a l  i s  a g a i n  

h i g h l y  o s c i l l a t o r y ,  w i t h  l a r g e  ABSERROR and WAVINESS for  each p r o f i l e ,  as seen 

i n  f i g u r e  8. 

Each case i s  r u n  a t  b o t h  a r e p r e s e n t a t i v e  smal l  Courant  number 

Note t h a t  t h e  smooth ( s i n e -  

The f a c t  t h a t  f ou r th -o rde r  c e n t r a l  methods a re  s u b s t a n t i a l l y  
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i n f e r i o r  t o  t h i r d - o r d e r  upwind ing  i s  a p p a r e n t l y  n o t  w e l l  known, and one con- 

t i n u e s  to  hear o f  researchers  who s w i t c h  to  c e n t r a l  f o u r t h - o r d e r  schemes a f t e r  
I 
~ e x p e r i e n c i n g  " d i f f i c u l t i e s "  w i t h  second-order. 
I 

With  f i f t h - o r d e r  upwinding ( f i g .  91, one beg ins  t o  see a t r e n d  which con- 
t i n u e s  to  h i g h e r  o r d e r :  s i m u l a t i o n  o f  t h e  smooth p r o f i l e  i s  e x c e l l e n t ;  as 

o r d e r  i nc reases ,  t he  s tep  r i s e  i s  s teeper  b u t  t h e  odd-order overshoots  a re  

l a r g e r  and the  even-order methods con t inue  t o  be h i g h l y  o s c i l l a t o r y ,  a l b e i t  

w i t h  s h o r t e r  wavelength; w i t h  t h e  even-order c e n t r a l  methods, s i g n i f i c a n t  wavi- 

ness develops i n  the  s e m i - e l l i p s e  s i m u l a t i o n  j u s t  beh ind  t h e  i n i t i a l  jump i n  

g r a d i e n t .  These t rends  a re  seen by scanning across  f i g u r e s  7 t o  12. F i n a l l y ,  

no te  t h a t  c e n t r a l  ( n e c e s s a r i l y  even-order) methods a r e  much more s e n s i t i v e  t o  
Courant  number. 

exp ress ion  i s  p r o p o r t i o n a l  t o  c r a t h e r  than  SGN(c>; compare equa t ions  (23> ,  
(271 ,  (30> ,  and (34)  w i t h  (211, (241, (291, and ( 3 3 > ,  r e s p e c t i v e l y .  A l l  t h e  

methods cons idered here  g i v e  e x a c t  p o i n t - t o - p o i n t  t r a n s f e r  a t  c : 1 ,  as seen 

For from t h e  fo rmulas  f o r  4r; i . e . ,  = +i , 4% = 4i-l, and Oi = $i-l. 

t h e  h i g h e r  o r d e r  methods, p o i n t - t o - p o i n t  t r a n s f e r  a l s o  occu rs  (ove r  more than 

one mesh w i d t h )  for l a r g e r  i n t e g e r  va lues  o f  c; however, i n  t h e  absence o f  

modeled p h y s i c a l  d i f f u s i o n ,  these methods a r e  n o t  a l l  s t a b l e  ove r  a cont inuous  

range,  except  f o r  0 5 c 5 1.  

t 

T h i s  i s  because t h e  h i g h e s t  o r d e r  te rm i n  t h e  face -va lue  

n n n+ 1 n 

NORMALIZED VARIABLE DIAGRAM 

Normal ized V a r i a b l e s  

F i g u r e  13 shows a one-dimensional con t ro l -vo lume w i t h  a t t e n t i o n  focussed 

on one f a c e  ( i n  t h i s  case, t he  l e f t ) .  I n  d e t e r m i n i n g  t h e  e f f e c t i v e  face va lue ,  

t h e  most i n f l u e n t i a l  nodes a r e  t h e  two s t r a d d l i n g  t h e  f a c e  and t h e  n e x t  

upstream node, t h e  l a t t e r  depending of course on t h e  flow d i r e c t i o n  a t  t h e  f a c e  

i n  q u e s t i o n ,  i . e . ,  t h e  s i g n  of  uf .  These t h r e e  node va lues  can be l a b e l e d  4D 
(downstream), 0, (upst ream),  and $c ( c e n t r a l ) ,  as shown. Note t h e  d i f f e r -  

ence i n  d e f i n i t i o n  o f  these nodes, depending on SGN(uf). I n  t e r m s  o f  o r i g i n a l  

v a r i a b l e s ,  t h e r e  a r e  c l e a r l y  a v e r y  l a r g e  number o f  cases t o  cons ide r :  combi- 

n a t i o n s  o f  p o s i t i v e  o r  n e g a t i v e  uf, p o s i t i v e  or n e g a t i v e  4 ,  and p o s i t i v e  or 

+f, 
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nega t i ve  va lues  o f  g r a d i e n t  and c u r v a t u r e .  V a r i a t i o n s  i n  s ign ,  f low d i r e c t i o n ,  

and s c a l e  can be no rma l i zed  o u t  by d e f i n i n g  t h e  normal ized  v a r i a b l e  ( a t  any 

p o i n t )  as 

Now, i n  a case when 

t h e  no rma l i zed  f a c e  va lue  i s  o n l y  a f u n c t i o n  o f  i t s  ad jacen t  normal ized  

upstream node va lue  and c 

4f i s  a f u n c t i o n  o f  4; , 4: , 4; , and Courant  number, 

I s i nce  t h e  o t h e r  normal ized  node va lues  a r e  c o n s t a n t :  

( 4 5 )  

Equat ion  ( 4 4 )  i n c l u d e s  f i r s t - o r d e r  methods, second-order c e n t r a l  and upwind 

schemes, and t h i r d - o r d e r  upwinding,  i n  a d d i t i o n  t o  second-order (and t h i r d -  

o r d e r )  shock-captur ing  a l g o r i t h m s .  H igher  o r d e r  methods i n v o l v e  more d i s t a n t  
nodes b u t  t h e  no rma l i zed  Gf w i l l  s t i l l  depend most s t r o n g l y  on 5: . 

Second-Order T i m e  Averag ing  

I I n  genera l ,  f o r  t r a n s i e n t - i n t e r p o l a t i o n - m o d e l i n g  methods based on 

equa t ion  (111, t h e  t ime  accuracy of t h e  r e s u l t i n g  cont ro l -vo lume a l g o r i t h m  

(eq. (18 ) ) ,  i s  t h e  same o r d e r  as the  degree of t h e  s p a t i a l  i n t e r p o l a t i o n  used 

i n  equa t ion  ( 1 2 ) .  Many advec t i on  schemes i n  common use ( i n c l u d i n g  TVO schemes) 

a re  based on second-order t i m e  averag ing ,  which can be made e x p l i c i t  by 

s t r a i g h t - f o r w a r d  i n t e g r a t i o n .  S p e c i f i c a l l y ,  f o r  s p a t i a l l y  second-order- 

accu ra te  methods, t he  d e v i a t i o n  t e r m  i n  equa t ion  ( 4 )  i s  f o r m a l l y  neg lec ted ;  

thus ,  from equa t ion  (8>, t he  e f f e c t i v e  face va lues  a re  j u s t  t h e  es t ima ted  t i m e  

l i n e a r  behav io r  s p a t i a l l y ,  t h e  method i s  second-order accu ra te  i n  t i m e ,  as w e l l .  
For  example i f  i s  t h e  ins tan taneous f a c e  va lue ,  t h e  t ime-averaged f a c e  

va lue  ove r  A t  i s  

I averages. I f  these t i m e  averages a re  based on l o c a l l y  advected face-va lue  
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(46 )  

where 0; i s  t h e  es t ima ted  f a c e  va lue  a t  t i m e - l e v e l  n .  I n  most cases, t h e  
s p a t i a l  g r a d i e n t  i s  es t ima ted  as 

so t h a t  

0f = t$f - 

or, i n  terms o f  normal ized  v a r i a b l e s ,  

-n -n .. 
9, = ( 1  - c)t$f + ct$c 

( 4 7 )  

(48) 

(49)  

where, now, t h e  l i n e a r  Courant  number w e i g h t i n g  i s  e x p l i c i t  and 6; depends 

o n l y  on 5; 

F i g u r e  14 shows the  normal ized  v a r i a b l e  d iagram ( N V D ) ,  p l o t t i n g  c h a r a c t e r -  
i s t i c s  o f  t h e  form o f  equa t ion  (501, f o r  

( 1 )  F i r s t - o r d e r  upwind ing  (1U): 

-n -n 0, = +c 

( 2 )  The Lax-Wendroff method (2C): 

(3) Second-order upwind ing  (2U): 

(51)  

(52)  

(53) 3 -n a; = 2 0c 

and 
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(4 )  F romm's  method (2F) :  

Note t h a t  t he  l a t t e r  t h r e e  s p a t i a l l y  second-order methods a l l  pass th rough  t h e  

p o i n t  (0 .5,  0.75); i n  f a c t ,  any method whose 4)f(ec> c h a r a c t e r i s t i c  passes 

th rough t h i s  p o i n t  w i t h  a f i n i t e  s lope i s  ( a t  l e a s t )  second-order accu ra te  i n  

space, s ince  $IF can then be w r i t t e n  

-n -n 

4 ) f = T  -' ( 1 + 4 )  -:) - CF(1 - 2;:) 

where the  c u r v a t u r e  f a c t o r  CF i s  a cons tan t  or ,  i n  the  case o f  n o n l i n e a r  

schemes, a f u n c t i o n  o f  6:. 
v a r i  ab1 es 

Th is  i s  more apparent  i n  terms o f  unnormal ized 

n 1  
4)f = 7 (4); + 4);) - cF(4); - 24); + 4);) 

or 

1 
4); = 7 (4); + 

thus ,  d e v i a t i n g  from the  second- 
or h i g h e r  o r d e r  terms, p r o v i d e d  

upwinding,  equa t ion  ( 5 1  1, and 

(5 )  F i r s t - o r d e r  downwinding 

cannot  be w r i t t e n  i n  the  form o f  

( 5 5 )  

(56)  

(57) 

r d e  -accura te  l i n e a r  i n t e r p o l a t i o n  by  second 
CF i s  f i n i t e .  Note t h a t  f i r s t - o r d e r  

( 1 D ) :  

-n 
4)f = 1 

equa t ion  ( 5 5 )  f o r  f i n i t e  CF.  

(58)  

The c h a r a c t e r i s t i c s  shown i n  f i g u r e  14 a r e  i n  the  form o f  equa t ion  ( S O ) ,  
i . e . ,  t he  es t imated  f a c e  va lue  a t  t ime- leve l  

a l s o  impor tan t  t o  p o r t r a y  t h e  t ime-averaged face va lue  i n  t h e  same way, Gf (no  
s u p e r s c r i p t ) ,  acco rd ing  t o  the  l i n e a r  we igh t i ng ,  equa t ion  (49 ) .  F igu res  15 t o  
17 show t h e  NVDs c o r r e s p o r , j i n g  t o  $f($: , c) f o r  the  Lax-Wendroff, second- 

o r d e r  upwinding and Fromm methods, r e s p e c t i v e l y .  The c h a r a c t e r i s t i c s  a r e  shown 

f o r  f i v e  d i f f e r e n t  va lues  o f  Courant number: c + 0, c = 1 /4 ,  1 /2 ,  3 /4 ,  and 1 .  

The zero-va lue i s  d i s t i n g u i s h e d  by a dashed l i n e ,  s ince  t h i s  can o n l y  be 

n as a f u n c t i o n  o f  6: . I t  i s  
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approached i n  an e x p l i c i t  c a l c u l a t i o n .  Note t h a t  a l l  these methods r e v e r t  t o  
-n 

$f = $c when c = 1 ,  as seen from equa t ion  (49> ,  g i v i n g  exac t  p o i n t - t o - p o i n t  
t r a n s f e r  as d iscussed p r e v i o u s l y .  

w 1 

Nonl i near "Shock-Capturi  ng" Schemes 

For l a c k  o f  b e t t e r  c a t e g o r i z i n g  te rm ino logy ,  a number o f  c u r r e n t l y  popu la r  

a l g o r i t h m s  have become known as "shock-captur ing"  schemes. When a p p l i e d  t o  the  

pure a d v e c t i o n  problems s t u d i e d  here ,  these second-order methods ( i n  space and 

t ime)  can be p o r t r a y e d  e i t h e r  i n  t h e  $! NVD o r  i n  the  NVD, correspond-  

i n g  to  equa t ions  (50) or (491, r e s p e c t i v e l y .  However, i n  c o n t r a s t  to  t h e  
l i n e a r  c h a r a c t e r i s t i c s  o f  f i g u r e  14 (or o f  f i g s .  15 t o  1 7 ) .  these methods a re  

d i s t i n g u i s h e d  by n o n l i n e a r  c h a r a c t e r i s t i c s ,  a l t hough  they  remain l i n e a r  i n  c 

acco rd ing  t o  equa t lon  (49) .  A l l  schemes r e v e r t  t o  f i r s t - o r d e r  upwind ing  o u t -  

s i d e  t h e  monotonic  range,  i . e . ,  f o r  $: < 0 or 6; > 1. 
t h e  o r i g i n  (0,O) and t h e  p o i n t  ( 1 , l )  i n  e i t h e r  NVD. 

pass th rough  (0.5, 0.751, as r e q u i r e d  f o r  second-order methods. 

They a l l  pass th rough  

For the  6; NVD, t h e y  a l l  

F i g u r e  18 shows the  so -ca l l ed  minimum-modulus (Minmod) method ( r e f .  13) 
-n which i s  seen to  fo l low second-order upwinding f o r  0 5 @c 5 0.5 and Lax- 

Wendroff f o r  0.5 

Gn , whereas p a r t  ( b )  shows c-weighted average between 5: and 

@c , e q u a t i o n  (49) ,  aga in  for  d i s c r e t e  va lues  o f  c. 

Chakravar thy  and Osher ( r e f .  14) c o n s i s t s  o f  second-order upwinding combined 
w i t h  f i r s t - o r d e r  downwinding a t  t i m e - l e v e l  n. Th is  i s  shown i n  f i g u r e  19. 
The MUSCL scheme o f  van Leer  ( r e f .  5) i s  shown i n  f i g u r e  20; i t  c o n s i s t s  o f  

Fromrn's method i n  t h e  "smooth" ( sma l l  c u r v a t u r e )  r e g i o n  near 5; -* 0.5, w i t h  

p iecew ise  l i n e a r  d e v i a t i o n s  to  pass th rough (0.0) and ( 1 , l ) .  

t h e  p r e s c r i p t i o n  f o r  t h i s  method i s  

$ < 1. P a r t  ( a )  o f  t h e  f i g u r e  shows $; as a f u n c t i o n  o f  

A r e l a t e d  method used by 
Gf as t h e  -k 

I n  terms o f  i: , 

( 1 )  A s u f f i c i e n t  (a l t hough  n o t  necessary)  "monotonic"  1 i m i  t e r :  

( 2 )  Fromm's method i n  "smooth" r e g i o n s :  

(60) 
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and 

(3 )  F i r s t - o r d e r  downwinding: 

w i t h  f i r s t - o r d e r  upwind ing  elsewhere, as u s u a l .  Another  scheme due to  van Leer  

( r e f .  2) can be desc r ibed  by  r e p l a c i n g  t h e  p iecewise  l i n e a r  c h a r a c t e r i s t i c  o f  
MUSCL w i t h  a curved l i n e  ( a  pa rabo la )  for 5; i n  t he  monotonic range;  t h i s  has 

t h e  same s lope as MUSCL f o r  in = 0 and 1 - , as seen i n  f i g u r e  2 1 .  For con- 

venience, t h i s  scheme w i l l  be r e f e r r e d  to  as van L e e r ' s  " cu rved - l i ne  a d v e c t i o n  

method" (CLAM); i n  t h e  Sweby d iagram (see appendix)  t h e  c h a r a c t e r i s t i c  forms 

p o r t i o n  o f  a hyperbo la ,  thus  t h e  scheme i s  sometimes r e f e r r e d  t o  as van L e e r ' s  

"harmonic" a d v e c t i o n  method. A scheme developed by Roe ( r e f .  6) ,  nicknamed 
"Superbee," i s  shown i n  f i g u r e  22. Again p iecewise  l i n e a r ,  t he  5; charac te r -  

i s t i c  (as 6: i nc reases  from 0 1  c o n s i s t s  o f  a p o r t i o n  o f  s lope 2, a p o r t i o n  o f  
s lope  1/2 ( f o l l o w i n g  Lax-Wendroff) ,  a p o r t i o n  of s lope 3 / 2  (second-order  upwind- 
i n g ) ,  and a p o r t i o n  o f  z e r o  s lope  ( f i r s t - o r d e r  downwinding).  Th i s  i s  cons idered 

to  be one o f  t h e  most "compress ive"  of the  second-order schemes w i t h  r e s p e c t  

t o  i t s  narrow s t e p  r e s o l u t i o n ,  as w i l l  be seen. Th is  i d e a  can be taken t o  

extremes, however; another  f o r m a l l y  second-order scheme, which m i g h t  a p t l y  be 

c a l l e d  "Super-C" ( for  "compress ive")  i s  shown i n  f i g u r e  23(a) ;  and an ex t reme ly  
"compressive" 1 i m i  t e d  f i r s t - o r d e r  downwinding scheme, "Hyper-C," i s  shown i n  

f i g u r e  23(b>.  

i z e d  f a c e  va lue ,  5, . 
upper u n i v e r s a l  l i m i t e r  boundary (developed i n  the  n e x t  s e c t i o n )  and Lax- 

Wendroff ,  i . e . ,  t h e  s m a l l e r  o f  

f + 

Note t h a t  b o t h  o f  these f i g u r e s  i n v o l v e  the  t ime-averaged normal-  
The Super-C scheme r e q u i r e s  +f t o  be the  smal l e r  o f  t h e  

f o r  0 5 G: 5 112; w i t h  l i m i t e d  second-order upwinding, i . e . ,  t h e  smal 

1 -n $f = 1 and 5f = $3 - c ) o C  
- 

I 

f o r  
f i r s t - o r d e r  downwinding) s imp ly  r e q u i r e s  t o  be the  sma l le r  o f  

1 /2  < 6; 5 1 ,  w i t h  f i r s t - o r d e r  upwind ing  e lsewhere.  Hyper-C ( l i m  

(62)  

e r  o f  

(63)  

t e d  



and 1 
5; - 
C (64) 

I ... 
I in the monotonic regime, with +f = 5; elsewhere, as usual. finally, note 

that the Courant-number-dependence of Super-C and Hyper-C is no longer linear. 

Results for the Nonlinear Schemes 

figures 24 through 30 show the results of simulating the three test 
problems with each of the nonlinear schemes just described; again, the two 
representative Courant numbers (0.05 and 0.5) are used. As seen in figure 24, 
although Minmod resolves the step monotonically, the structure is not at all 
sharp and the other profiles are rather diffusive, especially at smaller 
Courant numbers. In the Chakravarthy-Osher simulations, shown in figure 25, 
the leading-edge steepening effects of the first-order downwinding are seen, 
with concomitant clipping due to first-order upwinding; again, profiles are 
more diffusive at small c values. The two van Leer schemes, MUSCL and CLAM 
(figs. 26 and 27), give similar results to each other, as perhaps expected from 
the qualitative similarity of their NVDs (figs. 20 and 21). The MUSCL scheme 
in particular is one of the more successful of the well-known second-order non- 
linear schemes, considering overall performance for all three test problems. 
Once again, both MUSCL and CLAM deteriorate at small Courant-number values, 
due primarily to the unnecessarily restrictive TVD limiter, equation (59). 

Superbee (fig. 28)  gives significantly sharper results for the step simu- 
lation at all c values. The smooth-function (sine-squared) simulation i s  
slightly better than that of MUSCL; however, there is a degree of artificial 
steepening inherent in this method, as seen in the semi-ellipse computation. 
In the presence of rapid changes in gradient (large curvature) - near the 
leading and trailing edges of the profile - the scheme has a tendency to con- 
vert all gentle slopes into sharp steps followed by plateaus. This defect is 
purposely taken to extremes with Super-C (fig. 29) and Hyper-C (fig. 30). 
Clearly, in terms of step performance, Super-C supersedes Superbee and Hyper-C 
supersedes Super-C. Super-C also does an excellent job of simulating the 
sine-squared profile; however, the semi-ellipse results are rather bizarre, 
showing stair-casing for small c values and gross artificial steepening at 
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I incredible step simulation of these artificial-compression methods should not 
be used as a standard for judging the overall performance of truly robust 
schemes. 

In order to show the effect of Courant number over a wider range, fig- 
ure 31 gives a log-log plot of ABSERROR for the sine-squared profile (lower 
curves) and the semi-ellipse (upper curves) versus ABSERROR for the step simu- 
lation for Minmod, MUSCL, Superbee, and Super-C, with Courant number as a 
parameter ranging from 0.01 to 0.978, with points shown at values o f  0.1, 0.5, 
and 0.9 on each curve. At very small c values, Minmod produces large errors 
for all test profiles. The other schemes' semi-ellipse errors are comparable, 
with step errors decreasing in the order: MUSCL, Superbee, Super-C. The s ine-  

squared error follows the same order. Superbee and, in particular, Super-C, 
show much less sensitivity to Courant number than the other schemes. Although 
all methods' trajectories in this plane approach the origin (exact point-to- 
point transfer) as c + 1 ,  the tendency is rather slow, and even at c = 0.9, 
the sine-squared error in particular is unacceptably large, compared with what 
can be achieved with higher order methods. 

I 

THE UNIVERSAL LIMITER 

The normalized-variable plane, with 6: as abscissa and Gf (no super- 
scrip) as ordinate, can be used to construct a very simple diagram representing 
constraints on the effective time-averaged normalized face value so as to guar- 
antee maintenance of monotonic profiles, thereby suppressing extraneous over- 
shoots or nonmonotonic oscillations, but allowing arbitrarily high resolution 
depending on the formal order of accuracy (in both space and time) of the base 
method. A s  seen in the previous section, nonlinear second-order schemes (lin- 
ear in c) can be represented by a single curve in the (6: , a,> plane for any 
fixed value of the Courant number. This is true for the nonlinear third-order 
scheme as well (to be described), but the Courant-number dependence is then 
a1 so nonl inear, as wi 1 1  be seen. A1 1 the nonlinear second-order schemes 
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(except Super-C) satisfy Sweby's sufficient TVD criteria (ref. 10) (translated 
into present notation) 

-n -n -n - 
+f = 5; = +c for +c 0 and +c 2 1 

and i 

(65) 

(66) 

In particular, all nonlinear characteristics pass through (0,O) and (1,l). 
These criteria are in terms of 5; ; they are thus limited t o  temporally 
second-order schemes linear i n  c, according to equation ( 4 9 ) .  

1 
I 

To allow higher order accuracy, it is extremely important to work directly 
with the effective time-averaged normalized face value 5f, rather than 5; . 
By imposing simple monotonicity-maintenance criteria, much less restrictive 
constraints - the universal limiter - are placed on the allowable face values. 
The computational strategy is then, in principle, as follows: ( 1 )  formulate 
+f by some desired high-order method; ( 2 )  compute the actual normalized $ 
value and the intended normalized 
allowable universal limiter range, simply proceed; ( 4 )  if 
this range, reset (limit) its value t o  that of the nearest constraint boundary 
at the given 5; value; (5) reconstruct the new Qf from 6, ; (6) repeat the 
procedure for all other faces; (7) update according t o  equation (10). In 
actual practice, it is less expensive computationally to carry out this strat- 
egy directly in terms of unnormalized variables, as will be described in 
detai 1 .  

Gf value, ( 3 )  i f  Gf falls within the 

Gf lies outside 

Monotonicity-Maintenance Criteria 

Figure 32 shows normalized node values with $ in the monotonic range, 
-n 

0 5 +c 
necessary conditions on Gf : 

1 .  A s  suggested by the cross-hatching, monotonic behavior requires 

5; L Gf 5 1 (67)  

and on the corresponding face value of the adjacent upstream CV face, Gu : 
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Consider  equa t ion  (9), w r i t t e n  f o r  5; i n  no rma l i zed  v a r i a b l e s  

-n+l = 5; - c(6f - 6u) 
+C (69) 

I n  o r d e r  t o  m a i n t a i n  m o n o t o n i c i t y ,  t h e  new 6 v a l u e  must be c o n s t r a i n e d  by C 

-n+l -n+l i 0, L 0, 

For pure  advec t i on  a t  cons tan t  v e l o c i t y ,  t h e  r i g h t - h a n d  i n e q u a l i t y  i s  l e s s  
r e s t r i c t i v e  than Gf 2 5; , b u t  t h e  l e f t - h a n d  i n e q u a l i t y  r e s u l t s  i n  

- - 1  -n+ 1 

(70)  

(71 1 

n o n p o s i t i v e ,  t h e  worst -case c o n d i t i o n  -n+ 1 And s i n c e  GU i s  nonnegat ive  and I$" 

i s  g i v e n  by gU = 0 and 4" =0, i . e . ,  -n+ 1 

T h i s ,  combined w i t h  inequa 

c o n s t i t u t e s  t h e  u n i v e r s a l  

i t y  (67) 

(73)  

i m i t e r  i n  t h e  monotonic  range o f  6: . For 5: < 0 

or > 1, numer ica l  exper imen ta t i on  has shown t h a t  t h e  s imp le  c o n d i t i o n  

(74)  

g i v e s  t h e  most s a t i s f a c t o r y  o v e r a l l  performance; t h i s ,  o f  course ,  i s  e q u i v a l e n t  

t o  f i r s t - o r d e r  upwinding as used b y  o t h e r  n o n l i n e a r  (second-order)  TVD schemes. 

I t  does n o t  erode t h e  accuracy o f  t h e  o v e r a l l  scheme, which i s  de termined 

s o l e l y  by behav io r  i n  t h e  smooth r e g i o n ,  near  5; + 0.5. 

The u n i v e r s a l  l i m i t e r ,  equa t ion  (74)  t o g e t h e r  w i t h  i n e q u a l i t i e s  (72)  

and (731, i s  shown i n  d iagrammat ic  form i n  f i g u r e  33; t h e  Courant-number- 

dependent boundary, Gf = $/c, i s  shown dashed t o  s t r e s s  t h e  f a c t  t h a t  i t s  

s lope changes w i t h  d i f f e r e n t  va lues  o f  c .  Note t h a t  for c + 0, t h i s  boundary 

approaches t h e  v e r t i c a l  a x i s ;  w h i l e  f o r  -n c = 1 ,  i t  degenerates i n t o  Gf Z 
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(everywhere),  cor respond ing  t o  exac t  p o i n t - t o - p o i n t  t r a n s f e r  as u s u a l .  For 
re fe rence  t o  p r e v i o u s  work, t h e  cor respond ing  c r i t e r i a  i n  terms of Sweby's 

v a r i a b l e s ,  r and '9, a r e  g i v e n  i n  t h e  appendix.  

t 

For c l a r i t y ,  t h e  p r e c i s e  s teps i n  a p p l y i n g  t h e  u n i v e r s a l  l i m i t e r  t o  
t r a n s i e n t  i n t e r p o l a t i o n  mode l ing  o f  the  advec t i ve  t r a n s p o r t  equa t ions  a r e  

g iven,  as fol lows, u s i n g  normal ized  v a r i a b l e s .  

I ULTIMATE s t r a t e q y  (no rma l i zed  v a r i a b l e s ) :  

( 1 )  Designate upst ream ( U ) ,  downstream ( D ) ,  and c e n t r a l  (C) nodes on the  

b a s i s  o f  SGN(uf) f o r  each f a c e  i n  t u r n .  

n 
D U '  +: and ( 2 )  Compute DEL = + - +" - if [DELI  < ( say ) ,  s e t  9, = 

( 3 )  Otherwise,  compute 5; = (9: - +:)/DEL; i f  t h i s  i s  l e s s  than 0 or 

proceed t o  t h e  nex t  f ace .  

g r e a t e r  than 1 ,  aga in  s e t  +f = 4; and proceed. 

(4) I f  n o t ,  compute gf = (+f - +:)/DEL, where +, i s  based on a d e s i r e d  

h i g h-order  T I M  met hod. 

( 5 )  I f  6f < 6: , r e s e t  ( t h e  lower  l i m i t )  6f = 6: ; i f  Sf > ?:/c, r e s e t  

( t h e  upper l i m i t )  6f = +: IC;  i f  6, > 1 ,  r e s e t  ( t h e  a b s o l u t e  upper l i m i t )  
- 
0 - 1 .  f -  

(6) 
update a 

(7) 
t o  equat  

n u 

Reconst ruc t  +f = +f DEL + +u ( t h i s  i s  t he  f a c e  va lue  used i n  t h e  

g o r i  thm). 

A f t e r  f i n d i n g  a 1 f a c e  va lues  i n  t h i s  way, e x p l i c i t l y  update a c c o r d i n g  

on (10). 

I n  o r d e r  t o  a v o i d  d i v i s i o n s  and m u l t i p l i c a t i o n s  i n v o l v e d  i n  c o n s t r u c t i n g  

normal ized  v a r i a b l e s  and r e c o n s t r u c t i n g  the  unnormal ized v a r i a b l e s ,  i t  i s  

b e t t e r  to  work d i r e c t l y  w i t h  the  unnormal ized v a r i a b l e s .  
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ULTIMATE s t r a t e g y  (unnormal ized  v a r i a b l e s ) :  

( 1 )  Designate upst ream (U) ,  downstream ( D ) ,  and c e n t r a l  (C) nodes on t h e  

b a s i s  o f  SGN(uf) f o r  each f a c e  i n  t u r n ,  and compute DEL = +; - 
ADEL = IDEL1 

and 
for each face .  

( 2 )  Compute ACURV = I+: - 29: + +:I f o r  each face ;  i f  ACURV 2 ADEL 

(nonmonotonic) ,  s e t  0, = +: and proceed to  t h e  n e x t  face .  

(3) Compute t h e  r e f e r e n c e  face va lue  +REF = +I + (4: - $i)/c for each 

face. 

( 4 )  Set  up some d e s i r e d  h i g h  o r d e r  f a c e  va lue  

( 5 )  I f  DEL > 0, l i m i t  +f by  +: below and t h e  s m a l l e r  o f  +,,, and 

+f . 

$1 above. 

(6 )  I f  DEL < 0, l i m i t  0, by  +: above and t h e  l a r g e r  o f  +REF and 0; 
below. 

(7 )  Update acco rd ing  t o  equa t ion  (10). 

I n  o r d e r  t o  g e t  some f e e l i n g  f o r  t h e  ULTIMATE s t r a t e g y ,  f i g u r e s  34 t o  37 
show normal ized  v a r i a b l e  diagrams, 6f = f($ ,c) f o r  the  u n i v e r s a l  l i m i t e r  

a p p l i e d  t o  Lax-Wendroff, second-order upwinding,  Fromm's method, and t h e  t h i r d -  

o r d e r  QUICKEST scheme, r e s p e c t i v e l y .  Note s i m i l a r i t i e s  (and d i f f e r e n c e s )  

between f i g u r e s  35 and 19 (b> ,  and between f i g u r e s  36 and 20(b>.  Also n o t e  

q u a l i t a t i v e  s i m i l a r i t i e s  between the  l i m i t e d  v e r s i o n s  o f  Fromm's method and 

QUICKEST ( f i g s .  36 and 37) r e s p e c t i v e l y ;  t h e y  a r e  i d e n t i c a l  a t  c = 0.5 (as 

w e l l  as a t  c = 1 ,  o f  cou rse ) .  

I 

Resu l t s  for t h e  ULTIMATE Schemes 

F igures  38 t o  46 show t h e  r e s u l t s  for t h e  t h r e e  s tandard  t e s t  problems 

I ob ta ined  by a p p l y i n g  the  u n i v e r s a l  l i m i t e r  t o  the  Lax-Wendroff scheme, second- 

o r d e r  upwinding, Fromm's method, QUICKEST, f ou r th -o rde r  c e n t r a l ,  f i f t h - o r d e r  

upwinding,  s i x t h - o r d e r  c e n t r a l ,  seventh-order  upwinding,  and e igh th -o rde r  
~ 
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c e n t r a l ,  r e s p e c t i v e l y ,  each fo r  t h e  two Courant numbers c = 0.05 and 0 .5 .  

Note t h e  inadequacies o f  t h e  l i m i t e d  Lax-Wendroff scheme ( f i g .  38) and l i m i t e d  
second-order upwind ing  ( f i g .  39) s i m i l a r  i n  some respec ts  t o  t h e  n o n l i n e a r  

shock-captur ing  schemes. 

c va lue ;  t h e  reve rsed  asymmetry o f  t h e  p r o f i l e s  corresponds t o  the  r e s p e c t i v e  
asymmetry o f  these two methods' NVDs ( f i g s .  34 and 35) .  

I 

E s p e c i a l l y  no te  t h e  poor performance a t  t h e  s m a l l e r  

The l i m i t e d  Fromm method ( f i g .  40) i s  c l e a r l y  an improvement ove r  t h e  
I s imp le  second-order schemes, and has q u a l i t a t i v e l y  s i m i l a r  performance to  

l i m i t e d  QUICKEST, as expected from t h e  s i m i l a r i t y  o f  t h e i r  NVDs ( f i g s .  36 

and 37). The l i m i t e d  QUICKEST scheme ( f i g .  41) g i v e s  r e s u l t s  which a r e  

p r o b a b l y  e n t i r e l y  adequate f o r  most p r a c t i c a l  s i t u a t i o n s .  The s i n e - f u n c t i o n  

e r r o r ,  i n  p a r t i c u l a r ,  i s  now w i t h i n  t o l e r a b l e  bounds. A l though t h e  l i m i t e d  

f o u r t h - o r d e r  method ( f i g .  42) g i v e s  lower ABSERROR for  each p r o f i l e ,  t h e r e  i s  
a c l e a r l y  d i s c e r n i b l e  i nc rease  i n  WAVINESS i n  t h e  s e m i - e l l i p s e  s i m u l a t i o n ,  

e s p e c i a l l y  a t  smal l  Courant  number va lues ;  t h i s  i s  a t y p i c a l  shor tcoming of 

even-order methods. O v e r a l l ,  t h e  limited-QUICKEST scheme seems t o  be t h e  b e s t  

o f  t h e  schemes u s i n g  t h e  f i v e - p o i n t  s t e n c i l  o f  f i g u r e  1 ;  i t  i s  c e r t a i n l y  f a r  

s u p e r i o r  t o  any o f  t he  second-order shock-captur ing  schemes (wh ich  i n v o l v e  t h e  

same s t e n c i l ) .  The a r t i f i c i a l  waviness o f  t h e  l i m i t e d  f o u r t h - o r d e r  method 

(wh ich  a l s o  uses t h i s  s t e n c i l )  d e t r a c t s  from an o the rw ise  e x c e l l e n t  

per formance.  

I f  b e t t e r  s t e p  r e s o l u t i o n  i s  r e q u i r e d ,  t h e  l i m i t e d  f i f t h - o r d e r  upwind ing  
scheme ( f i g .  43)  g i v e s  h i g h l y  s a t i s f a c t o r y  r e s u l t s ,  a l t hough  o f  course t h i s  

r e q u i r e s  a seven-point  s t e n c i l  i n  genera l  ( a l l o w i n g  f o r  v e l o c i t y  r e v e r s a l s ) .  

The l i m i t e d  s i x t h - o r d e r  c e n t r a l  method (wh ich  uses t h e  same seven-point  s ten-  

c i l ) ,  f i g u r e  44, g i v e s  s l i g h t l y  b e t t e r  s tep  r e s o l u t i o n ,  b u t  worse per formance 

f o r  t h e  s e m i - e l l i p s e  ( i n  t e r m s  o f  b o t h  ABSERROR and WAVINESS) and a s l i g h t l y  

h i g h e r  ABSERROR i n  t h e  s ine-squared s i m u l a t i o n  a t  sma l le r  Courant  numbers (due 

t o  s l i g h t  asymmetric c l i p p i n g ,  t y p i c a l  o f  even-order methods). 

The h i g h e r  o r d e r  schemes fo l low a p r e d i c t a b l e  p a t t e r n ,  w i t h  b e t t e r  s t e p  
r e s o l u t i o n ,  and e s s e n t i a l l y  e x a c t  smooth- funct ion s i m u l a t i o n ,  b u t  w i t h  annoy- 

i n g  waviness i n  t h e  c h a l l e n g i n g  s e m i - e l l i p s e  problem - now even n o t i c e a b l e  i n  

t h e  upwind schemes, b u t  s t i l l  much worse w i t h  the  even-order c e n t r a l  methods, 
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e s p e c i a l l y  a t  smal l  c va lues .  C l e a r l y ,  t h e  ULTIMATE s t r a t e g y  c o u l d  be con- 

t i n u e d  t o  a r b i t r a r i l y  h i g h  o r d e r ,  e i t h e r  w i t h  po lynomia l  T I M  schemes o f  t h e  
t y p e  cons idered here  or w i t h  a l t e r n a t e  forms o f  i n t e r p o l a t i o n  such as s p l i n e s ,  

d e t e r m i n i n g  the  i n tended  
I f o r  example. The o n l y  s t i p i l a t i o n  i s  t h a t  t h e  base method must be e x p l i c i t  i n  
~ +f - s tep  ( 4 )  o f  the  ULTIMATE s t r a t e g y .  

Once aga in ,  to  see t h e  e f f e c t  of Courant  number ove r  the  complete s t a b l e  
range,  f i g u r e  47 shows ABSERROR of the  s ine-squared and s e m i - e l l i p s e  p r o f i l e s  

p l o t t e d  on a l o g - l o g  s c a l e  a g a i n s t  ABSERROR o f  the  s tep  fo r  the  ULTIMATE Fromm, 

QUICKEST, f i f t h -  and seventh-order  upwind schemes, w i t h  Courant number as a 

parameter r a n g i n g  from 0.01 t o  0.978, w i t h  p o i n t s  shown a t  c = 0.1, 0.5, and 

0.9 on each curve .  For  c l a r i t y ,  t h e  ULTIMATE even-order schemes have been 

o m i t t e d .  The l i m i t e d  v e r s i o n  o f  Fromm's method i s  perhaps o f  academic i n t e r e s t  

( b e i n g  s l i g h t l y  b e t t e r  than MUSCL i n  the  r e g i o n  near c = 0 .5 ) ;  b u t  s ince  t h e  

l i m i t e d  QUICKEST t h i r d - o r d e r  upwind scheme r e q u i r e s  t h e  same s t e n c i l  and 

e s s e n t i a l l y  t he  same number and t ype  o f  computat ions,  i t  i s  c l e a r l y  a more 
a t t r a c t i v e  method. F i g u r e  47 shou ld  be compared w i t h  f i g u r e  31 g i v i n g  t h e  

co r respond ing  r e s u l t s  for second-order shock-captur ing  methods. The obv ious  

g l o b a l  c h a r a c t e r i s t i c  for t h e  h ighe r -o rde r  ULTIMATE schemes i s  t h e i r  much 
lower  e r r o r  f o r  t h e  smooth- func t ion  s i m u l a t i o n ,  due t o  t h e i r  l a c k  o f  a r t i f i c i a l  

s teepen ing  and concomi tan t  c l i p p i n g .  A s  expected, s t e p - s i m u l a t i o n  error 
decreases m o n o t o n i c a l l y  w i t h  the  o r d e r  o f  the  u n d e r l y i n g  base method. 

s e m i - e l l i p s e  and s t e p  errors o f  the  h i g h e r  o r d e r  ULTIMATE schenes a r e  s t r o n g l y  

c o r r e l a t e d ,  whereas for t h e  second-order a r t i f i c i a l  compression methods o f  
f i g u r e  31, t he  s e m i - e l l i p s e  e r r o r  i s  r o u g h l y  the  same fo r  each scheme, aga in  

r e f l e c t i n g  t h e  a r t i f i c i a l  s teepen ing  and c l i p p i n g  o f  these methods. 

I 

The 

I 

S i m p l i f i e d  ULTIMATE QUICKEST S t r a t e g y  

R e f e r r i n g  to f i g u r e  37, i t  i s  seen t h a t  i n  t h e  range 

0.2 5: i 0 .8  ( 7 5 )  

t h e  ULTIMATE QUICKEST scheme i s  i n  f a c t  i d e n t i c a l  t o  the  uncons t ra ined  QUICKEST 

scheme. Thus, cons ide rab le  s i m p l i f i c a t i o n  can be made i n  the  a l g o r i t h m  w i t h o u t  

any approx imat ion  or e f f e c t  on r e s u l t s .  I n e q u a l i t y  ( 7 5 )  can be r e w r i t t e n  as 

1;; - 0.51 5 0 .3  ( 7 6 )  
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or ,  m u l t i p l y i n g  by  2, 
I 

-n 11 - 24cI 5 0.6 

R e w r i t i n g  i n  terms o f  unnormal ized v a r i a b l e s  r e s u l t s  i n  

where CURV i s  t h e  upwind-biased second-d i f fe rence 

n n n CURV = $,, - 24c + 0, 

and DEL i s  t h e  n o r m a l i z a t i o n  d i f f e r e n c e  

(80) n 
DEL = OD - 0; 

Thus, i f  i n e q u a l i t y  (78) i s  s a t i s f i e d ,  t h e  uncons t ra ined  QUICKEST scheme can 

be used d i r e c t l y ,  w i t h  no need f o r  t e s t i n g  o f  u n i v e r s a l - l i m i t e r  c o n s t r a i n t s .  
I n  any p r a c t i c a l  f low, t h i s  c r i t e r i o n  w i l l  be s a t i s f i e d  i n  t h e  overwhelming 

b u l k  o f  t h e  f low domain, be ing  v i o l a t e d  ( i f  a t  a l l )  o n l y  a t  a smal l  f r a c t i o n  

o f  g r i d  p o i n t s  near  where sharp changes i n  g r a d i e n t  occu r .  

O f  course,  i f  

a l l  ULTIMATE schemes (o f  any o r d e r )  w i l l  use ( i n  terms o f  unnormal ized  
variables) 

n 4f = 4, 

I n e q u a l i t i e s  (81 )  a r e  e q u i v a l e n t  t o  

or,  e q u i v a l e n t l y  

(82)  

(83)  

(84) 
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Thus, t h e  s i m p l i f i e d  ULTIMATE QUICKEST s t r a t e g y  i s  as fol lows: 

( 1 )  Designate I'D," "C," and "U" nodes based on SGN(uf) i n  t h e  usua way, 
f o r  each f a c e .  

~ ( 2 )  Compute [DELI and ICURVl. 

(3) If i n e q u a l i t y  (78)  i s  s a t i s f i e d ,  use t h e  uncons t ra ined  and unnormal- 

i z e d  QUICKEST f a c e  va lue ,  

+f = $ (+; + +:) - Icl (4: - 4:) - (1 - c2)CURV (85)  

( 4 )  Otherwise,  i f  i n e q u a l i t y  (84 )  i s  s a t i s f i e d ,  use equa t ion  (82) .  

(5) Otherwise,  compute t h e  l i m i t e d  QUICKEST f a c e  va lue  a c c o r d i n g  t o  t h e  

(unnormal ized)  ULTIMATE s t r a t e g y .  

I 
(6) Proceed t o  t h e  n e x t  CV face .  

(7)  Update i n  the  usua l  way. 

Note t h a t  s tep  ( 5 )  occu rs  o n l y  i n  t h e  smal l  ranges 

C o s t - E f f e c t i v e  H igh-Reso lu t ion  H y b r i d  Scheme 

I The ULTIMATE QUICKEST scheme i s  a s imp le ,  r o b u s t  a l g o r i t h m  u s i n g  t h e  same 

s t e n c i l  as second-order shock-captur ing  schemes b u t  w i th  much b e t t e r  g l o b a l  

accuracy.  I f  h i g h e r  r e s o l u t i o n  of n e a r - d i s c o n t i n u i t i e s  i s  deemed necessary,  i t  

i s  c l e a r l y  p o s s i b l e  t o  use h i g h e r  o r d e r  (upwind) schemes g l o b a l l y .  However, 

s ince  the  need fo r  h i g h e r  r e s o l u t i o n  occurs  o n l y  i n  smal l  l o c a l i z e d  reg ions ,  a 
c o s t - e f f e c t i v e  s t r a t e g y  i s  t o  use t h e  e f f i c i e n t  s i m p l i f i e d  ULTIMATE QUICKEST 

scheme as a base method, a u t o m a t i c a l l y  s w i t c h i n g  t o  a h i g h e r  r e s o l u t i o n  

ULTIMATE scheme o n l y  where needed. , 
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Numerical e x p e r i m e n t a t i o n  has shown t h a t  t h e  need f o r  a h i g h e r  r e s o l u t i o n  
scheme can be de termined by m o n i t o r i n g  t h e  a b s o l u t e  va lue  o f  t h e  unnormal ized  

average " c u r v a t u r e , " 9 ,  , d e f i n e d  i n  e q u a t i o n  (25). 
s p e c i f i e d  cons tan t ,  t h e  l i m i t e d  QUICKEST scheme i s  used; i f  t h e  c r i t i c a l  va lue  
i s  exceeded l o c a l l y ,  t h e  a l g o r i t h m  branches t o  a h i g h e r  o r d e r  scheme ( t y p i c a l l y  

2 f i f t h -  or seventh-order  upwind ing) ,  r e t u r n i n g  to ULTIMATE QUICKEST wherever gr 
drops below t h e  t h r e s h o l d .  By j u d i c i o u s  cho ice  o f  t h e  t h r e s h o l d  c o n s t a n t ,  t h e  
a l g o r i t h m  w i l l  use t h e  ULTIMATE ( p r o b a b l y  u n l i m i t e d )  QUICKEST a l g o r i t h m  a lmost  

everywhere ( i . e . ,  i n  smooth r e g i o n s )  and s w i t c h  to  t h e  h i g h e r  o r d e r  scheme a t  
j u s t  t h e  r i g h t  g r i d  p o i n t s  t o  g i v e  t h e  d e s i r e d  h i g h  r e s o l u t i o n .  F igu res  48 

and 49 show r e s u l t s  for  t h e  usual  tes t -p rob lems f o r  a hyb r id -3 /5  and h y b r i d -  

317 s t r a t e g y ,  r e s p e c t i v e l y ,  u s i n g  a v a l u e  o f  0.015 f o r  t h e  t h r e s h o l d  c o n s t a n t .  
Node va lues  i n v o l v e d  i n  t h e  h i g h e r  o r d e r  component on e i t h e r  l e f t  or r i g h t  CV 

faces  (or b o t h )  a r e  shown by b l a c k  d o t s ;  open c i r c l e s  d e s i g n a t e  t h a t  t h e  

s i m p l e r  l i m i t e d  t h i r d - o r d e r  scheme i s  t o  be used on b o t h  faces  o f  t h e  respec-  

t i v e  c o n t r o l  volume. 

1 
2 I f  t h i s  i s  l e s s  than  a 

SOME ASPECTS OF GENERALIZATION 

C l e a r l y  i n  t h i s  i n i t i a l  paper o u t l i n i n g  t h e  p r i c i p l e s  o f  t h e  u n i v e r s a l  

l i m i t e r ,  a t t e n t i o n  has been n a r r o w l y  focussed on t h e  i d e a l i z e d  academic ( ye t  
s t i l l  v e r y  c h a l l e n g i n g )  problem o f  one-dimensional pure  a d v e c t i o n  a t  c o n s t a n t  

v e l o c i t y  on a u n i f o r m  g r i d .  Th is  was done purpose ly ,  o f  course ,  t o  i d e n t i f y  

t h e  b a s i c  problems assoc ia ted  w i t h  t h e  a d v e c t i o n  t e r m ,  t h e  mode l ing  o f  which 
i s  by f a r  t h e  most d i f f i c u l t  numer ica l  aspec t  and major  p a c i n g  i t e m  i n  t h e  

development o f  computa t iona l  f l u i d  dynamics. [ I t  makes a b s o l u t e l y  no sense, 
l o g i c a l l y  or p r a c t i c a l l y ,  t o  s i m u l a t e  a f low u s i n g  h i g h l y  s o p h i s t i c a t e d  m u l t i -  

equa t ion  t u r b u l e n c e  models, f o r  example, w i t h  an a d v e c t i o n  method which essen- 

t i a  

a r t  

t h e  

c i a  

l y  r e p l a c e s  modeled p h y s i c a l  v i s c o s i t y  w i t h  i n h e r e n t  (or  e x p l i c i t )  

f i c i a l  v i s c o s i t y  th roughout  t h e  b u l k  o f  the  f low domain - b u t  t h i s  i s  s t i l l  

" s t a t e - o f - t h e - a r t "  i n  a d i s t u r b i n g l y  l a r g e  (and growing)  number o f  commer- 

and research  codes, e s p e c i a l l y  i n  hea t  t r a n s f e r  and r e l a t e d  i n d u s t r i e s . ]  

But, o b v i o u s l y ,  i n  o r d e r  f o r  t h e  u n i v e r s a l  l i m i t e r  t o  be o f  p r a c t i c a l  va lue  

a genera l -purpose code, severa l  g e n e r a l i z a t i o n s  w i l l  need t o  be made. Space 

a s i n g l e  ( a l r e a d y  l e n g t h y )  a r t i c l e  does n o t  p e r m i t  d e t a i l e d  e x p o s i t i o n s  o f  
such g e n e r a l i z a t i o n s  or v e r i f i c a t i o n  u s i n g  c l a s s i c a l  t es t -p rob lems .  T h i s  w i  

be taken up i n  f u t u r e  papers - b o t h  by t h e  au tho r  and presumably by  o t h e r  

n 

i n  

1 
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researchers  who may w ish  t o  ex tend and a p p l y  t h e  t h e o r y  i n  v a r i o u s  ways. How- 
eve r ,  some g e n e r a l i z a t i o n s  a r e  f a i r l y  s t r a i g h t - f o r w a r d  and w i l l  be sketched i n  

t h i s  s e c t i o n ,  w i t h o u t  showing s p e c i f i c  r e s u l t s .  Other  g e n e r a l i z a t i o n s  o f  a 

more obv ious n a t u r e  ( d i f f u s i o n ,  nonun i fo rm g r i d s )  or a more c o n t r o v e r s i a l  one 

(systems o f  n o n l i n e a r  equa t ions )  w i l l  be b r i e f l y  addressed i n  the  c l o s i n g  

~ sec t  i o n .  

V a r i a b l e  Advec t i ng  V e l o c i t y  

The ULTIMATE s t r a t e g y  i s  e a s i l y  extended to  unsteady one-d imensional  

advec t ion ,  where t h e  a d v e c t i n g  v e l o c i t y  i s  a f u n c t i o n  o f  space and t i m e .  For 

s i m p l i c i t y ,  assume t h a t  t h e  r i g h t - f a c e  Courant  number i s  p o s i t i v e  

> o  (87)  

and t h a t  i n  a l o c a l  r e g i o n ,  6 i s  i n c r e a s i n g  m o n o t o n i c a l l y  

(88) 

The update a l g o r i t h m  i s  based on equa t ion  ( l o ) ,  repeated  here  f o r  convenience 

where the  f a c e  Courant  numbers a re  cons idered t o  be known q u a n t i t i e s  a t  t ime-  

l e v e l  n. A s  usua l ,  $, i s  f i r s t  es t ima ted  u s i n g  some d e s i r e d  h i g h  o r d e r  

method. Th is  i s  l i m i t e d  by  the  ad jacen t  node va lues  

Now r e q u i r e ,  c o n s e r v a t i v e l y ,  f o r  m o n o t o n i c i t y  maintenance 

Th is  can be r e w r i t t e n ,  u s i n g  equa t ion  (89> ,  as 

(90)  

( 9 2 )  

and u s i n g  a worst-case e s t i m a t e  o f  $Q, t h i s  becomes i 
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for cQ > 0. 
monotonicity.) Of course, for constant velocity, inequality (93)  is equivalent 
to inequality ( 7 2 ) .  One further condition is necessary in the variable- 
velocity case, guaranteeing 

(If cQ < 0, it may not be appropriate to require persistence of 

which results in a condition on $Q,  for control-volume (i), given by 

or, in terms of +,, viewed as the left face o f  CV(i+l), using a worst-case 
estimate for the "far-right" face value, 

assuming crr > 0. 
right-hand inequality of (90) .  The equivalent restrictions for monotonic 
decreasing regions should be clear. Local extrema are treated in the usual 
way. 

In the constant-velocity case, this is superseded by the 

Nonlinear Advection 

Consider one-dimensional nonlinear advection 

= o  *+ af(4) 
at ax (97)  

where f<+> is monotonic increasing. This can be rewritten in control-volume 
form as 

$;+I = $7 + X(fQ - fr) ( 9 8 )  

where X = AtlAx, fQ = f ( g Q ) ,  and fr = f(+r). Again, for definiteness, assume 
that 

(99)  

First, estimate by some desired high order method. As usual, this will be 
limited by interpolative monotonicity 

31 



which is equivalent to 

Then, to assure inequality (91), 

which is the generalization of equation (93). The condit 
inequality (96) is superseded by the right-hand member of 
Clearly if 

f($) = u+ 

(100) 

(101) 

on analogous to 
equation (101). 

(103) 

for constant u, the limiting conditions revert back to inequality (72). 

Multidimensional Algorithm 

Because of the control-volume formulation of the one-dimensional 
algorithm, it is a straight-forward procedure to extend the ULTIMATE strategy 
to two and three dimensions. For two dimensions, the explicit update step 
analogous to equation (10) i s  

where "bottom" and "top" CV faces have been introduced, in addition to "left" 
and "right." Because of strict conservation, 

$r(i,j) = QQ(i+l,j) (105) 

and 
Qt(i ,j) = Qb(i ,j+l) (106) 

(and similarly with the Courant numbers). Cell-averaged source-terms can be 
added to the right-hand side of equation (104), if appropriate. 

Focusing attention on one CV face (say the left), the first step is to 
compute some explicit high (third or higher) order multidimensional estimate 
for 4%. This is then limited in a manner similar to figure 33 ,  where G: is 

32 



based on t h r e e  node va lues  i n  a d i r e c t i o n  normal t o  t h e  f a c e :  t h e  two s t r a d -  

d l i n g  the  f a c e  t o g e t h e r  w i t h  t h e  n e x t  upstream-biased node i n  t h e  normal d i r e c -  

t i o n ,  determined by  SGN(un), where un i s  t h e  normal component o f  v e l o c i t y  a t  

t h e  f a c e  i n  q u e s t i o n .  Thus, i n  genera l  t e r m s ,  t he  l i m i t i n g  s t e p  i s  " l o c a l l y  

one-d imensional "  i n  t h e  normal d i r e c t i o n  for each face ,  even though t h e  h igh -  

o r d e r  base method i s  m u l t i d i m e n s i o n a l .  

I 

For example, f i g u r e  50 shows t h e  nodes i n v o l v e d  f o r  t h e  l e f t  f a c e  ( f o r  

vQ 

uQ 
as shown) u s i n g  t h e  a u t h o r ' s  u n i f o r m l y  t h i r d - o r d e r  po l ynomia l  i n t e r p o -  and 

l a t i o n  a l g o r i t h m  (UTOPIA) as t h e  base method, w i t h  t h e  l i m i t e r - n o d e s  shown as 

b l a c k  do ts  and t h e  rema in ing  nodes as open c i r c l e s .  A l l o w i n g  f o r  a l l  v e l o c i t y  

d i r e c t i o n s  on a l l  f o u r  faces  r e s u l t s  i n  a 13-po in t  s t e n c i l  ( t h e  same as t h a t  

used for  t h e  second-order d i s c r e t e  b iharmon ic  o p e r a t o r ) .  H igher  o r d e r  schemes 

can be des igned i n  a s i m i l a r  way. Making use o f  a d d i t i o n a l  nodes i n  t h e  normal 

d i r e c t i o n  for  each face  appears t o  be more e f f e c t i v e  than  i n v o l v i n g  o t h e r  nodes 

i n  t h e  t r a n s v e r s e  d i r e c t i o n .  Ex tens ion  t o  t h r e e  dimensions fol lows an e n t i r e l y  

s i m i l a r  procedure.  D e t a i l s  and r e s u l t s  o f  r i g o r o u s  t e s t  problems w i l l  be 
p resen ted  i n  a subsequent paper .  

DISCUSSION AND FORECAST 

The u n i v e r s a l  l i m i t e r ,  p o r t r a y e d  i n  f i g u r e  33, rep resen ts  an ex t reme ly  

s imp le  way t o  produce e x p l i c i t  "monotonic" advec t i on  schemes o f  a r b i t r a r i l y  

h i g h  o r d e r .  P o t e n t i a l  numer ica l  o s c i l l a t i o n s  a re  suppressed w i t h o u t  c o r r u p t -  
i n g  the  expected r e s o l u t i o n  of t h e  u n d e r l y i n g  scheme. I t  has been seen t h a t  

second-order methods ( i n c l u d i n g  well-known shock-captur ing  or TVD schemes) a r e  
s i g n i f i c a n t l y  i n f e r i o r  t o  t h e  t h i r d - o r d e r  ULTIMATE QUICKEST scheme, which uses 

t h e  same f i v e - p o i n t  s t e n c i l .  B e t t e r  r e s o l u t i o n  o f  sharp changes i n  g r a d i e n t  
can be ach ieved by u s i n g  a h i g h e r  o r d e r  base method, and c o n c o m i t a n t l y  w ide r  

computa t iona l  s t e n c i l .  However, h i g h e r  (even) o r d e r  c e n t r a l  methods a r e  sus- 

c e p t i b l e  to  a degree of waviness under some c i rcumstances,  as seen w i t h  t h e  

s e m i - e l l i p s e  s i m u l a t i o n .  I n  terms o f  o v e r a l l  performance, t h e r e  seems l i t t l e  
t o  be gained beyond t h e  ULTIMATE f i f t h - o r d e r  upwind scheme, or t h e  h i g h l y  cos t -  

e f f e c t i v e  h y b r i d  scheme which uses ULTIMATE QUICKEST i n  smooth r e g i o n s  and 

a u t o m a t i c a l l y  sw i tches  t o  a h i g h e r  o r d e r  ULTIMATE upwind scheme i n  i s o l a t e d  

r e g i o n s  o f  h i g h  c u r v a t u r e .  More p r e c i s e  s i m u l a t i o n  o f  narrow l o c a l  extrema can 
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be b u i l t  i n t o  t h e  a l g o r i t h m  b y  u s i n g  a w e i g h t i n g  s t r a t e g y  which r e l i e s  more 

h e a v i l y  on  an u n l i m i t e d  h i g h e r  o r d e r  scheme i n  such r e g i o n s ,  p r o v i d e d  a s u i t -  
a b l e  m o n i t o r  can be dev i sed  t o  d i s c r i m i n a t e  between p h y s i c a l  and n u m e r i c a l l y  

produced extrema. T h i s  now appears t o  be p o s s i b l e ,  u s i n g  s imple p a t t e r n -  

r e c o g n i t i o n  techn iques .  

Some i n s i g h t  i n t o  t h e  s t e p - r e s o l u t i o n  o f  v a r i o u s  schemes can be ga ined by 

c o r r e l a t i n g  p o r t i o n s  o f  a s t e p  s i m u l a t i o n  w i t h  r e g i o n s  o f  t h e  (6; 9 Gf) p l a n e .  
F i g u r e  51(a> shows s c h e m a t i c a l l y  a s imu la ted  s t e p  p r o f i l e ,  i n v e r t e d  for more 

d i r e c t  r e f e r e n c e  t o  t h e  NVD. 

l e s s  t h a n  1 ;  i n  t h e  t r a i l i n g - e d g e  ( T E )  r e g i o n ,  i t  i s  s l i g h t l y  g r e a t e r  t h a n  0. 

T h i s  i s  r e f l e c t e d  i n  f i g u r e  51(b>.  A s  seen i n  f i g u r e  5 1 ( c > ,  sharper  r e s o l u t i o n  

corresponds t o  l a r g e r  Gf va lues  r e l a t i v e  t o  t h e  cor respond ing  v a l u e s ,  i n  

b o t h  r e g i o n s .  T h i s  c o r r e l a t i o n  can be q u i t e  c l e a r l y  seen, f o r  example, w i t h  

t h e  Chakravarthy-Osher scheme ( f i g s .  19 and 25) or  ULTIMATE second-order 

upwind ing  ( f i g s .  35 and 39) where t h e  NVD c h a r a c t e r i s t i c  i s  r e l a t i v e l y  low i n  

t h e  TE r e g i o n  cor respond ing  t o  a " b l u n t "  t r a i l i n g  edge s t e p  s i m u l a t i o n ,  and 

r e l a t i v e l y  h i g h  i n  t h e  LE r e g i o n ,  g i v i n g  a sharp l e a d i n g  edge. The r e v e r s e  i s  

t r u e  f o r  t h e  ULTIMATE Lax-Wendroff scheme, r e s u l t i n g  i n  a b l u n t  l e a d i n g  edge 

and a sharp t r a i l i n g  edge. The Minmod scheme s e l e c t s  t h e  lower c h a r a c t e r i s t i c  

i n  each r e g i o n ,  l e a d i n g  t o  r a t h e r  d i f f u s e  performance; whereas Superbee (or 

more e f f e c t i v e l y ,  Super-C> r e l i e s  on t h e  h i g h e r  c h a r a c t e r i s t i c  i n  each r e g i o n  

o f  t h e  NVD, and t h i s  r e s u l t s  i n  t h e  combina t ion  o f  sharp l e a d i n g  and t r a i l i n g  

edges w i t h  concomi tan t  narrow r e s o l u t i o n  of t h e  s tep .  

I n  t h e  leading-edge (LE) r e g i o n ,  G: i s  s l i g h t l y  

The a r t i f i c i a l l y  h i g h  va lues  o f  Gf f o r  t h e  l a t t e r  schemes i s  e q u i v a l e n t  

t o  a r t i f i c i a l  compression, or ( t o  t h e  e x t e n t  t h a t  t h e  NVD c h a r a c t e r i s t i c  l i e s  

above a well-behaved scheme such as ULTIMATE QUICKEST) t o  n e g a t i v e  a r t i f i c i a l  

d i f f u s i o n .  For example, t h e  l i m i t e d  Lax-Wendroff scheme e x h i b i t s  a r t i f i c i a l  

n e g a t i v e  d i f f u s i o n  f o r  5; < 0.5; whereas f o r  1 i m i t e d  second-order upwind ing  

and t h e  Chakravarthy-Osher scheme, t h i s  appears i n  t h e  l e a d i n g  edge r e g i o n ,  

where t h e  NVD c h a r a c t e r i s t i c  i s  based on f i r s t - o r d e r  downwinding. T h i s  

i n t e r p r e t a t i o n  c o r r e l a t e s  w i t h  t h e  observed t r a i l i n g  o s c i l l a t i o n s  o f  t h e  

u n l i m i t e d  Lax-Wendroff scheme ( f i g .  4) and t h e  l e a d i n g  o s c i l l a t i o n s  o f  

u n l i m i t e d  second-order upwind ing  ( f i g .  5 ) .  
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The g r e a t  advantage of t h e  ULTIMATE s t r a t e g y  i s  t h a t  i t  can be used w i t h  

e x p l i c i t  schemes o f  a r b i t r a r i l y  h i g h  o r d e r ,  g i v i n g  concomi tan t  r e s o l u t i o n  o f  
sudden changes i n  g r a d i e n t  w i t h o u t  a r t i f i c i a l  s teepen ing  and c l i p p i n g .  The 
l i m i t e d  po lynomia l  schemes rev iewed here a l r e a d y  g i v e  e x c e l l e n t  r e s u l t s  (above 

second o r d e r ) ,  b u t  c l e a r l y  t h e  ULTIMATE p h i l o s o p h y  can be used w i t h  o t h e r  more 
s o p h i s t i c a t e d  and more a p p r o p r i a t e  forms o f  s p a t i a l  i n t e r p o l a t i o n .  One such 
method c u r r e n t l y  under i n v e s t i g a t i o n  i n v o l v e s  exponen t ia l  ( " t e n s i o n " )  s p l i n e s  

a p p l i e d  l o c a l l y ;  t h i s  techn ique o f fe rs  p o s s i b i l i t i e s  o f  v e r y  h i g h  r e s o l u t i o n  

on a compact s t e n c i l .  

I 

I 

Ex tens ion  t o  m u l t i d i m e n s i o n a l  f low i s  s t r a i g h t f o r w a r d  and, as mentioned, 

t h i s  w i l l  form the  s u b j e c t  o f  f u t u r e  papers.  A l though  n o t  addressed i n  t h i s  
paper ( s i n c e  a t t e n t i o n  has been focused on t h e  c r i t i c a l  problem o f  pu re  

advec t i on )  i t  shou ld  be c l e a r  t h a t  t h e  i n t r o d u c t i o n  o f  modeled p h y s i c a l  d i f -  

f u s i o n  to an o r d e r  c o n s i s t e n t  w i t h  the  a d v e c t i o n  scheme p resen ts  a b s o l u t e l y  no 

problems. The i n c l u s i o n  o f  p h y s i c a l  d i f f u s i o n  i n  f a c t  p u t s  l e s s  demands on t h e  

advec t i ve  a l g o r i t h m ;  i n  most cases o f  p r a c t i c a l  i n t e r e s t ,  t h e  ULTIMATE QUICKEST 

scheme g i ves  r e s u l t s  which a r e  g r a p h i c a l l y  i n d i s t i n g u i s h a b l e  from t h e  e x a c t  
s o l u t i o n  (when known). I n  a s i m i l a r  way, e x t e n s i o n  t o  s p a t i a l l y  v a r y i n g  g r i d s  

p resen ts  no problems.  The h i g h e r  o r d e r  accuracy o f  t h e  base method can be 

f o r m a l l y  ma in ta ined  ( r e f s .  9 and 16) ;  o r ,  p r o v i d e d  t h e  expansion r a t i o  does n o t  

exceed about 125 pe rcen t ,  t h e  s i m p l e r  u n i f o r m - g r i d  fo rmu las  f o r  t h i r d -  and 

h i g h e r  o r d e r  methods can be used d i r e c t l y  w i t h o u t  r e d u c i n g  t h e  p r a c t i c a l  o r d e r  

o f  accuracy - a l though  the  fo rma l  o r d e r  i s ,  o f  course,  reduced ( r e f .  17). 

One o f  the  most i m p o r t a n t  ques t i ons ,  o f  course, concerns how w e l l  t h e  

ULTIMATE s t r a t e g y  g e n e r a l i z e s  t o  hand le  s y s t e m s  o f  n o n l i n e a r  equa t ions  such as 

t h e  Eu le r  (or Navier -Stokes)  equa t ions  o f  gasdynamics, and t h e  "sha l low-water "  

and r e l a t e d  equa t ions  o f  oceanography and meteoro logy .  Th is  i s  by no means a 
t r i v i a l  g e n e r a l i z a t i o n  and w i l l  no doubt  form t h e  s u b j e c t  o f  f u t u r e  papers ;  

however, i t  i s  f a i r  t o  p r e d i c t  t h a t  ULTIMATE s i m u l a t i o n s  w i l l  be a t  l e a s t  as 

success fu l  as t h e  b e t t e r  shock-captur ing  schemes, s i n c e  t h e  u n d e r l y i n g  p h i l o s o -  

phy i s  very s i m i l a r .  I n  p a r t i c u l a r ,  because o f  n a t u r a l  p h y s i c a l  compression, 

shock-wave or h y d r a u l i c  jump ( o r  a tmospher ic  f r o n t )  r e s o l u t i o n  can be expected 

t o  be narrower  than t h e  s c a l a r  s t e p  r e s o l u t i o n  s t u d i e d  he re .  And because of 
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t he  a b i l i t y  t o  use a r b i t r a r i l y  h i g h  o r d e r  r e s o l u t i o n ,  unsteady gasdynamic simu- 

l a t i o n s  can be expected to  g i v e  ex t reme ly  r e l i a b l e  r e s u l t s ,  even a t  v e r y  h i g h  

Mach numbers and non idea l  c o n d i t i o n s .  Because of the  c o n s e r v a t i v e  c o n t r o l -  
volume f o r m u l a t i o n ,  m u l t i d i m e n s i o n a l  gasdynamic, and geophys ica l  a l g o r i t h m s  a r e  

expected t o  be s i m i l a r l y  r o b u s t .  The genera l  ph i l osophy  he re  i s  to  model t h e  

cont ro l -vo lume a d v e c t i v e  modes p r e c i s e l y  and l e t  t h e  phys i cs  (as r e f l e c t e d  i n  

the  govern ing  equa t ions )  take  ca re  o f  t h e  " a c o u s t i c "  or wave modes. T h i s  i d e a  

seems n o t  t o  work w e l l  w i t h  c u r r e n t l y  popu la r  second-order f l u x - l i m i t e d  schemes 

because o f  these schemes' a d d i c t i v e  r e l i a n c e  on l o c a l l y  v a r y i n g  ( p o s i t i v e  or 
nega t i ve )  a r t i f i c i a l  v i s c o s i t y ,  r e q u i r i n g  p r e c i s e  knowledge o f  c h a r a c t e r i s t i c  

speeds and d i r e c t i o n s .  But  t h e  p r i n c i p l e  has g r e a t  p o t e n t i a l  when used w i t h  

h i g h e r  o r d e r  ULTIMATE m u l t i d i m e n s i o n a l  a l g o r i t h m s ,  which, by des ign ,  r e q u i r e  

o n l y  advec t i ve  v e l o c i t i e s  a t  t h e  CV c e l l  f aces ,  as p r e s c r i b e d  by t h e  govern- 

i n g  equa t ions .  

F i n a l l y ,  t h e  ULTIMATE s t r a t e g y  can be a p p l i e d  to  s teady- f low multi- 
dimensional  s i m u l a t i o n s  (even though t h e  acronym migh t  be somewhat o u t  o f  
p l a c e ) .  Q u i t e  s imp ly ,  t h e  s teady -s ta te  l i m i t e r  c o n s i s t s  o f  ULTIMATE w i t h  t h e  

Courant  number s e t  t o  zero .  Th is ,  of course,  r e s u l t s  i n  t h e  e x t r e m e l y  s imp le  
c o n d i t i o n  i n  the  monotonic reg ime 

- 
w i t h  +f = iC, or s i m i l a r  c h a r a c t e r i s t i c  pass ing  th rough  (0,O) and (l,l), i n  
the  nonmonotonic range.  I n  o t h e r  words, f o r  l o c a l l y  monotonic  b e h a v i o r  i n  t h e  

d i r e c t i o n  normal t o  a g i v e n  CV face ,  a f t e r  a h igh -o rde r  m u l t i d i m e n s i o n a l  

es t ima te  o f  4f i s  made, the  face  va lue  a c t u a l l y  used i s  c o n s t r a i n e d  s i m p l y  t o  
l i e  between t h e  ad jacen t  upstream and downstream node va lues :  4u and +D, 
r e s p e c t i v e l y .  The a u t h o r ' s  m u l t i d i m e n s i o n a l  SHARP a l g o r i t h m  ( r e f .  151, s imp le  
h i g h  accuracy r e s o l u t i o n  program, i s  a t h i r d - o r d e r  n o n l i n e a r  scheme con fo rm ing  

t o  these requ i rements ;  i t  i s  based on an exponen t ia l  upwind ing  or l i n e a r  e x t r a p -  

o l a t i o n  re f i nemen t  o f  t he  m u l t i d i m e n s i o n a l  QUICK scheme ( r e f .  16) .  But ,  o f  

course, t he  p r i n c i p l e  can be extended t o  a r b i t r a r i l y  h i g h  o r d e r  u s i n g  t h e  u n i -  

ve rsa l  l i m i t e r  f o r  t i g h t  r e s o l u t i o n  and accuracy,  thus  g i v i n g  ULTRA-SHARP simu- 

l a t i o n  o f  s teady mu l t i d imens iona l  flows c o n t a i n i n g  n e a r - d i s c o n t i n u i t i e s .  I n  a 

p r a c t i c a l  a l g o r i t h m ,  i t  i s  impor tan t  t o  c o n s t r u c t  a s ing le -va lued  upper boundary 

36 



for the allowable NVD region near 5 + O+. 
by requiring 

This is most conveniently achieved 
C I 

in addition to inequality (107), with suitably large values of the slope con- 
stant (-10 or 100). The piecewise linear NVD characteristic of the steady two- 
dimensional SMART algorithm of Gaskell and Lau (ref. 18) is also of this form. 
Steady-state methods based on second- and third-order schemes (including TVD 
limiters) can be solved with straight-forward AD1 scalar penta-diagonal matrix 
algorithms using Gaskell-and-Lau's modified (nonlinear) curvature-factor tech- 
nique, similar t o  the curvature factor, CF(G:), appearing i n  equation (55). 
Alternatively, arbitrarily high order limited schemes can be solved by popular 
AD1 tridiagonal methods using the author's downwind weighting factor technique 
(ref. 191,  thus rendering the ULTRA-SHARP very-high-order multidimensional 
nonoscillatory steady-flow schemes immediately compatible with many of the 
general-purpose commercial and research steady-state elliptic solvers currently 
in use, which are typically based on low-accuracy blended combinations of 
first- and second-order advection methods. 
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"TVD r e g i o n , "  con forming t o  c u r r e n t  p r a c t i c e  i n  o p e r a t i o n a l  schemes, a l t h o u g h  

t h e  l e s s  r e s t r i c t i v e  c o n d i t i o n s  would have been known t o  him, s i n c e  t h e y  had 
appeared i n  a GAMM proceedings paper b y  Roe and Baines ( r e f .  24) i n  1982 and 

i n  o t h e r  proceedings papers b y  Roe ( r e f s .  6 and 25) i n  1983. The a u t h o r ' s  
a t t e n t i o n  was d i r e c t e d  toward t h e  l a t t e r  papers by S . T .  Za lesak i n  November 

1987 and b y  P.L .  Roe i n  May 1988. I n t e r e s t i n g l y  enough, Roe's 1986 r e v i e w  

a r t i c l e  ( r e f .  26) makes no ment ion o f  t h e  l e s s  r e s t r i c t i v e  l i m i t e r  boundar ies ,  

b u t  r a t h e r  desc r ibes  i n s t e a d  o n l y  some o f  t h e  more r e s t r i c t i v e  l i m i t e r s  (such 
as Minmod, "CLAM," and Superbee), even though t h e  e a r l i e r  proceedings papers 

a r e  referenced.  

Z a l e s a k ' s  IMACS paper ( r e f .  12) desc r ibes  work b y  h i s  co l league,  John 

Lyon, a t  t h e  Naval Research L a b o r a t o r y ,  who appears t o  be t h e  o n l y  o t h e r  

researcher  t o  have used a r b i t r a r i l y  h i g h  (up t o  e i g h t h )  o r d e r  advec t i on  schemes 

cons t ra ined  by an e q u i v a l e n t  of t h e  u n i v e r s a l  l i m i t e r .  F i n a l l y ,  P.H. G a s k e l l  
and A . K . C .  Lau, a t  t h e  U n i v e r s i t y  o f  Leeds, have ( a g a i n  independent ly ,  follow- 
i n g  from t h e i r  s teady- f low work ( r e f .  1 8 ) )  developed an e q u i v a l e n t  l i m i t i n g  

s t r a t e g y  f o r  unsteady f low a p p l i e d  t o  a q u a s i - t h i r d - o r d e r  advec t i on  scheme. 

They r e p o r t  h i g h l y  accu ra te  s i m u l a t i o n s  o f  s tandard  shock-tube t e s t  problems 

w i t h o u t  r e s o r t i n g  t o  f l u x  v e c t o r  s p l i t t i n g ,  Riemann s o l v e r s ,  or any of t h e  

o t h e r  c o m p l e x i t i e s  assoc ia ted  w i t h  c u r r e n t l y  p o p u l a r  forms o f  f i r s t / s e c o n d -  
o r d e r  shock-captur ing  schemes. Th is  con f i rms  t h e  a u t h o r ' s  b e l i e f  t h a t  charac-  

t e r i s t i c  decomposi t ion i s  n o t  a n e c e s s i t y ,  b u t  r a t h e r  a symptom o f  p o o r l y  
designed advec t i on  schemes, based on v a r i a b l e  a r t i f i c i a l  v i s c o s i t y ,  which 

r e q u i r e  d e t a i l e d  e x p l i c i t  knowledge o f  a l l  c h a r a c t e r i s t i c  v e l o c i t i e s  and ampl i -  

tudes.  I f  t h e  advec t i on  (macrof lux)  terms appear ing  i n  t h e  c o n s e r v a t i o n  equa- 

t i o n s  for mass momentum and energy a r e  c a r e f u l l y  modeled w i t h  s u i t a b l y  l i m i t e d  

h i g h e r  o r d e r  methods and m i c r o f l u x  terms (p ressu re  t e n s o r ,  e t c . )  t r e a t e d  appro- 

p r i a t e l y ,  t h e  govern ing  equat ions  themselves w i l l  a u t o m a t i c a l l y  genera te  t h e  

c o r r e c t  a d d i t i o n a l  wave modes. The fa r - reach ing  i m p l i c a t i o n s  o f  t h i s ,  espe- 

c i a l l y  for mu l t i d imens iona l  flows, shou ld  be c l e a r .  
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I A P P E N D I X  I 

I 
I 
I 

In a well-known paper (ref. lo), Sweby introduced sufficient conditions 
I for schemes to have total-variation-diminishing properties, and portrayed these 

conditions in what has become known as the "Sweby diagram," a plot of the flux- 
limiter factor, Q ,  against the local gradient ratio, r. For constant Courant 
number, the flux-limiter factor is defined as 

where 9, is the limited face value, 9; is the adjacent upstream node value, 

and 9;' is the face value according to second-order central differencing 
(Lax-Wendroff) 

0kW -- ; (9; + 9;) - y (9; - 9;) ( A . 2 )  

n where 9, is the adjacent downstream value, as usual. All of the schemes 
considered by Sweby are linear in Courant number in the form of equation ( 4 9 ) ,  

rewritten for c 0, as 

( A .  3 )  9, = (1 - Icl)9; + Id+; 
The Lax-Wendroff face value can also be written in this form 

( A .  4 )  4y = ( 1  - Icl)+f CEN + I C / + ;  

where +f 
( A . 4 )  into ( A . 1 )  results in an equivalent expression for the flux-limiter factor 

is the linear interpolation 1/2(9: + 4;). Substituting ( A . 3 )  and 

which can be rearranged as 

interpreted as first-order upwinding modified by adding a term proportional to 
the difference between linear interpolation and first-order upwinding. 
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I n  terms o f  t h e  no rma l i zed  v a r i a b l e s  as d e f i n e d  i n  the  p resen t  paper ,  i t  

i s  n o t  d i f f i c u l t  to  show t h a t  

(af - a;) 
' 9 =  (a; - a;) - 

y 1  2 - a;) - $1 - J c p ( 1  - a;) 
S i m i l a r l y ,  t h e  g r a d i e n t  r a t i o  used by Sweby i s  

(A.7) 

(A.8) 

The so -ca l l ed  TVD r e g i o n  proposed by Sweby consists o f  f , r s t - o r d e r  upwind- 

i n g  ((P = 0) for  n e g a t i v e  r, f o l l o w e d  by 

O ( c p ( 2 r  f o r  O ~ r i l  (A.9) 

-n and then l i m i t e d  by f i r s t - o r d e r  downwinding a t  t i m e - l e v e l  
t i o n  (A .7) ,  g i v i n g  

n, 9, = 1 i n  equa- 

0 5 ~ 5 2  for  r > l  - (A.  10) 

Note t h a t  equa t ion  (A.9) can be i n t e r p r e t e d  as 

(A.11) 

F i g u r e  A . l  compares Sweby's TVD r e g i o n  (shaded) i n t e r p r e t e d  i n  t h e  (6; , $) 
plane  and i n  t h e  (r, (P) p lane .  For re fe rence ,  Roe's  Superbee scheme i s  shown, 

pass ing  th rough t h e  "second-order"  p o i n t ,  (0.5, 0.75) i n  f i g u r e  A . l ( a > ,  and 

( 1 , l )  i n  f i g u r e  A . l ( b ) .  By c o n t r a s t ,  f i g u r e  A.2 g i v e s  t h e  "extended Sweby d i a -  

gram" cor respond ing  t o  t h e  ULTIMATE s t r a t e g y  o f  f i g u r e  33; r e c a l l  t h a t  t h a t  

f i g u r e  i n v o l v e d  Gf r a t h e r  than $: , as used i n  f i g .  A . l ( a ) .  Note t h a t  t h e  

s l o p i n g  boundary OB i n  t h e  extended Sweby d iagram has a s lope o f  2 / l c l  as 

compared w i t h  the  s lope o f  2 f o r  OC i n  t h e  o r i g i n a l  Sweby diagram. Also 
note  t h a t  t he  upper boundary o f  the  extended d iagram increases  i n  h e i g h t  as 

I c l  + 1 ;  i n  f a c t  

I 40 
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whereas, in the original diagram figure A.l(b), the upper boundary is indepen- 
dent of c: I 

As the Courant number varies, the point B in figure A.2 "slides" along the 
line 'pB = 2(1 + rB), where rB = Icl/(l - Icl). For reference, the Super-C 
scheme is shown in figure A.2. Hyper-C simply follows the upper boundary: 
AOBA. As i s  immediately obvious, Sweby's TVD region is grossly over- 
restrictive, resulting in predicted (normalized) face values which are too 
small, especially for 6; values slightly larger than 0 or  slightly smaller 
than 1. This is one reason for the poor performance o f  currently popular 
second-order TVD schemes. 
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a 0 0 0 ' 0 : .  a 0 0 L----A 

FIGURE 1. - CONTROL-VOLUME STENCILS FOR ( a )  FIRST-ORDER UPWINDING 

(d )  

AND SECOND-ORDER CENTRAL; (b)  SECOND- AND THIRD-ORDER UPWINDING, 
FROMM'S METHOD AND FOURTH-ORDER CENTRAL: ( C )  FIFTH-ORDER UPWIND- 
ING AND SIXTH-ORDER CENTRAL: ( d )  SEVENTH- AND EIGHTH-ORDER 
SCHEMES. 
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FIGURE 13. - DEFINITION OF UPSTREM (U). DOWNSTREAM (D).  AND CENTRAL 
(C) NODES. DEPENDING ON SGNtuf).  



FIGURE 14.  - NORMLIZED VARIABLE DIAGRAM SHOWING 5; AS A FUNCTION OF 5; 
FOR FIRST-ORDER UPWINDING (1U). LAX-WENDROFF (2C). SECOND-ORDER UP- 

WINDING (2U). FRCM'S  METHOD (2F). AND FIRST-ORDER DOWNWINDING (1D). 
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FIGURE 17. - NVD FOR FROFYII'S METHOD: &f AS A FUNCTION OF 
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FIGURE 18. - NVDS FOR THE MINMOD SCHEME. 
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FIGURE 19. - NVDS FOR THE CHAKRAVARTHY-OSHER SCHEME. 
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FIGURE 27. - RESULTS FOR VAN LEER'S C L M .  
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FIGURE 28. - RESULTS FOR ROE'S SUPERBEE SCHEME. 
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FIGURE 28. - CONCLUDED. 
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FIGURE 29. - RESULTS FOR THE SUPER-C SCHEK. 
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FIGURE 29. - CONCLUDED. 
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FIGURE 30. - RESULTS FOR HYPER-C (LIMITED FIRST-ORDER DOWNWINDING). 
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FIGURE 30. - CONCLUDED. 
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, 
3 10.0 

ABSERROR (STEP) 

FIGURE 31. - ABSERROR FOR THE SEMI-ELLIPSE PROFILE (UPPER CURVES) AND SINE- 
SQUARED PROFILE (LOWER CURVES) PLOTTED ON A LOG-LOG SCALE AGAINST ABSERROR 
FOR THE STEP. WITH COURANT NUMBER AS A P A R M T E R  RANGING FROM 0.01 TO 
0.978. WITH VALUES SHOWN AT 0.1, 0.5, AND 0.9. CURVES SHOW RESULTS FOR: 

RECTION OF INCREASING COURANT NUMBER. 
(1) RINMOD, (2) RUSCL, ( 3 )  SUPERBEE, AND (4) SUPER-C. ARROWS SHOW D I -  

86 



CONTROL i 
I VOLUME 7 " f  

FIGURE 32. - NORMALIZED NODE VALUES FOR LOCALLY MONOTONIC 
BEHAVIOR. HATCHING SHOWS NECESSARY CONDITIONS ON THE 
FACE VALUE OF INTEREST, sf. AND ON THAT OF THE CORRE- 
SPONDING UPSTREM FACE VALUE. 5,. 

/ 
FIGURE 33. - NORMALIZED VARIABLE DIAGRAM SHOWING THE ULTIMATE STRATEGY. 

THE DASHED BOUNDARY HAS A COURANT-NUMBER-DEPENDENT SLOPE OF l/C. 
THE CASE SHOWN IS  FOR c = 0.2. 
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FIGURE 34. - NVD SHOWING Sf AS A FUNCTION OF $ AND c 
FOR THE ULTIMATE LAX-WENDROFF ETHOD.  

FIGURE 35. - NVD SHOWING AS A FUNCTION OF 5; AND c 
FOR ULTIMATE SECOND-ORDER UPWINDING. 
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FIGURE 36. - NVD SHOWING 
FOR THE ULTIMATE F R O M  
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A FUNCTION OF 8," AND c 

/ 
FIGURE 37. - NVD SHOWING &f AS A FUNCTION OF 8: AND c 

FOR THE ULTIMATE QUICKEST METHOD. 
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FIGURE 38. - RESULTS FOR THE ULTINATE LM-WENDROFF RTHOD. 
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FIGURE 38. - CONCLUDED. 
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FIGURE 39. - RESULTS FOR ULTIMATE SECOND-ORDER UPWINDING. 
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FIGURE 39. - CONCLUDED. 
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FIGURE 40. - RESULTS FOR THE ULTIMATE FROMM SCHEME. 
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FIGURE 40. - CONCLUDED. 
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FIGURE 41. - RESULTS FOR ULTIMATE QUICKEST 
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FIGURE 42. - RESULTS FOR THE ULTIMATE FOURTH-ORDER CENTRAL SCHEME. 
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FIGURE 42. - CONCLUDED. 
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FIGURE 43. - RESULTS FOR ULTIMATE FIFTH-ORDER UPWINDING. 
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FIGURE 43. - CONCLUDED. 
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FIGURE 44. - RESULTS FOR THE ULTIMATE SIXTH-ORDER CENTRAL SCHEME. 
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FIGURE 44. - CONCLUDED. 
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FIGURE 45. - RESULTS FOR ULTIMATE SEVENTH-ORDER UPWINDING. 
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FIGURE 45. - CONCLUDED. 
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FIGURE 46. - RESULTS FOR THE ULTIMATE EIGHT-ORDER CENTRAL SCHEME. 

00 

. o o  

00 

106 



0 Lo 

U L T I M A T E  E I G H T H - O R D E R  C E N T R A L  

COUR N U M  = 0 .50  

U L T I M A T E  E I G H T H - O R D E R  C E N T R A L  

COUR N U M  = 0 .50  

X 

0 10 

U L T I M A T E  E I G H T H - O R D E R  C E N T R A L  

COUR NUM = 0 . 5 0  

X 

0 ln 

- 

e 
0 

- 

0 LD 

-0 I 
L 

0 0 

0 

0 LD 

0 

'( 

U L T I M A T E  E I G H T H - O R D E R  CENTRAL 

COUR NUM = 0 . 5 0  
ABSERROR = 0 .67  
W A V I N E S S  = 1 .10 

10 0 .25  0. 50 0 . 7 5  
X 

( b )  c = 0.5. 

FIGURE 46. - CONCLUDED. 
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FIGURE 47. - ABSERROR FOR THE SEMI-ELLIPSE PROFILE (UPPER CURVES) AND SINE- 
SQUARED PROFILE (LOWER CURES) PLOTTED ON A LOG-LOG SCALE AGAINST ABSERROR 
FOR THE STEP. WITH COURANT NUMBER AS A PARAMETER RANGING FROM 0.01 TO 
0.098. WITH VALUES SHOWN AT 0.1, 0.5. AND 0.9. CURVES SHOW: (1 )  ULTIMATE 
FROMM. (2) ULTIMATE QUICKEST, (3 )  ULTIMATE FIFTH-ORDER UPWINDING, AND 

COURANT NUMBER. 
(4) ULTIMATE SEENTH-ORDER UPWINDING. ARROWS SHOW DIRECTION OF INCREASING 

PRBCEDING PAGE BT,ANR NOT FTLMED 
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FIGURE 118. - HYBRID ULTIMATE THIRD-/FIFTH-ORDER UPWINDING RESULTS. SOLID 
CIRCLES SHOW NODES FOR WHICH EITHER THE LEFT OR RIGHT (OR BOTH) FACE 

SCHEME. 
VALUES FOR THE NEXT T I M  STEP ARE TO BE COMPUTED USING THE HIGHER-ORDER 
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FIGURE 49. - HYBRID U L T I M T E  THIRD-/SEVENTH-ORDER UPWINDING RESULTS. SOLID 
CIRCLES SHOW NODES FOR WHICH EITHER THE LEFT OR RIGHT (OR BOTH) FACE 

SCHEME. 
VALUES FOR THE NEXT T I E  STEP ARE TO BE C W U T E D  USING THE HIGHER-ORDER 
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(a )  ul > 0. vt = 0. 

FIGURE 50. - TWO-DIENSIONAL CONTROL-VOLUME SHOWING NODE STENCIL INVOLVED I N  
ESTIMATING THE LEFFFACE VALUE USING ULTIMATE UTOPIA. 
NODES USED FOR THE UNIVERSAL LIRITER. 

SOLID CIRCLES SHOW 

4 I 

I I I L A  

(a )  DIFFUSE SOLUTION. (b)  NW REGIONS. (C) SHARP SIMULATION. 

EDGE (TE) BEHAVIOR. 
FIGURE 51. - S C H W T I C  (INVERTED) STEP SIRULATION SHOWING LEADING-EDGE (LE) AND TRAILING- 
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4 

(a )  THE @, T ~ )  PLANE. (b) THE ( r,q) PLANE. 

FIGURE A.1. - SWEBY'S TVD REGION (SHADED) SHOWN. FOR REFERENCE. ROE'S SUPERBEE 
SCHEE IS SHOWN BY THE HEAVY PIECEWICE LINEAR CHARACTERISTIC. 

0 1 2 r 
FIGURE A.2.  - "EXTENDED SWEBY DIAGRM" CORRESPONDING TO THE U L T I M T E  

STRATEGY OF FIGURE 33. FOR REFERENCE. THE SUPER-C SCHEME IS SHOWN 
BY THE HEAVY PIECEWISE LINEAR CHARACTERISTIC. 
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